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Zusammenfassung
In der fundamentalen Physik gibt es zwei Themengebiete fu¨r die Nuklide mit niede-
renergetischen Betazerfa¨llen besonders relevant sind: Die nukleare Astrophysik und die
Neutrinophysik. Einige Grundzustands-Grundzustands Betazerfallsu¨berga¨nge wurden mit
Hilfe der Penningfallen-Massenspektrometerie (PT-MS) an den Experimenten Shiptrap
(GSI, Darmstadt) und Isoltrap (CERN, Genf) vermessen.
Fu¨r die nukleare Astrophysik ist die Zerfallsenergie eines Nuklids eine wichtige spektrosko-
pische Bestimmungsgro¨ße. Im Falle des Nuklids 123Te, das ausschließlich im s-Prozess entsteht,
konnte gezeigt werden, dass die komplette Zerfallskette in einer heißen stellaren Umgebung
durch pra¨zise und genaue Messung der Zerfallsenergie rekonstruiert werden kann. Weiterhin
wurde gezeigt, dass bei typischen Umgebungsbedingungen fu¨r den s-Prozess die Halbwertszeit
fu¨r den Zerfall von 123Te um viele Gro¨ßenordnungen kleiner sein kann als bei erda¨hnlichen
Umgebungsbedingungen. Diese Resultate ko¨nnen fu¨r Tests von astrophysikalischen Modellen
in der Massenregion um A = 123 verwendet werden.
In der Neutrinophysik sind niederenergetische Betazerfa¨lle fu¨r die Bestimmung der Rest-
masse des Neutrinos relevant. Die Zerfallsenergien (Q-Werte) von 131Cs und 202Pb wurden
gemessen. Es wurde gezeigt, dass 202Pb nicht fu¨r die Bestimmung der Neutrinomasse in Frage
kommt da der Q-Wert zu hoch ist. In 131Cs kann der vermessene Betazerfall ausgeschlossen
werden da dieser energetisch nicht mo¨glich ist. Der direkt gemessene Q-Wert von 187Re
konnte besta¨tigen, dass bei der erreichten Genauigkeit von 33 eV keine unerwarteten Unsicher-
heiten bei der kryogenen, mikrokalorimetrischen Messung (CM) des Betazerfallsspektrums
von 187Re auftreten. Eine gezielte Fragestellung der Neutrinophysik ist die Existenz von
sterilen Neutrinos, speziell derer, die zur warmen Dunklen Materie beitragen. Hier wurde
gezeigt, dass die Kombination von PT-MS und CM bei der Untersuchung von Elektron-
einfangszerfa¨llen bei einer Vielfalt von Nukliden zur Suche nach sterilen Neutrinos im keV
Massenbereich beitragen kann.
Abstract
Two topics of fundamental physics are considered where nuclides with a low β-decay
energy are of high interest, namely nuclear astrophysics and neutrino physics. A few relevant
ground-to-ground β-transitions were addressed by Penning-trap mass spectrometry (PT-MS),
employing the Shiptrap (GSI, Darmstadt) and Isoltrap (CERN, Geneva) facilities.
In nuclear astrophysics the decay energy of a nuclide is an important spectroscopic
parameter. Thus, in the case of the pure s-process nuclide 123Te, it was shown that when
its decay energy is accurately and precisely known, the complete decay scheme in a hot
stellar environment can be reliably reconstructed. It is shown that at typical s-process
conditions the half-life of 123Te can be by many orders of magnitude shorter than the
terrestrial value. This circumstance may be used, for example, for tests of astrophysical
models in the A = 123 mass region.
In neutrino physics, low-energy β-transitions can be used for determination of the neutrino
rest mass. The decay energies (Q-values) of 131Cs and 202Pb were determined. It turned
out that the nuclide 202Pb can hardly be used for the neutrino mass determination due
to its too high Q-value, whereas 131Cs can be confidently excluded from the consideration
since the examined β-transition is energetically forbidden. The directly measured Q-value of
187Re has shown that on the level of our present accuracy of 33 eV there are no unexpected
systematic effects inherent in cryogenic microcalorimetry (CM), which was used for the
β−-spectra acquisition of 187Re. A specific problem in neutrino physics is the existence of
sterile neutrinos, especially those which can contribute to the so-called Warm Dark Matter.
It is shown that the combined efforts of PT-MS and CM may contribute to the keV sterile
neutrino search in electron capture in a variety of nuclides.
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1. Introduction
In this introductory chapter a few topics of fundamental physics, where nuclides with a
low β-decay1 energy play an important role, are highlighted. Penning-trap mass spectrometry
(PT-MS) is also introduced as the method of choice for the β-decay energy determination.
To give a feeling of what “low” energy is, Fig. 1.1 is given, where all the experimentally
known ground-to-ground β-decay energies are shown [1]. Most of the cases have decay energies
of about few MeV. However, there is a fraction of nuclides whose decay energy significantly
deviates from the global trend. In the framework of this thesis we consider only those cases
which decay with relatively low energy, namely below 100 keV 2. Nuclides in this particular
decay energy range can be utilized for the absolute neutrino mass search, and/or have to















Figure 1.1: Decay energies of all experimentally known ground-to-ground β-transitions. Data
is taken from [1].
Primarily it is also worth clarifying the mass-to-energy relation E = mc2, since it will
be intensively used within the scope of the thesis. Einstein’s famous formula states that
1There are three main types of weak decay of nuclei, namely β−-decay, β+-decay and electron capture,
but where it is not necessary to distinguish between them it is simply said β-decay.
2In general, it is not necessary to be ground-to-ground, but can also be ground-to-excited state transition,
which, however, are not shown in Fig. 1.1.
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the equivalent energy E can be calculated as the mass m multiplied by the speed of light c
squared. In nuclear physics, the conventional energy unit is an electron-Volt (eV). It means
that the mass unit is now electron-Volt over the speed of light squared (eV/c2). However,
where it does not cause any ambiguity, the coefficient c2 is omitted and it is simply said
that the mass is in eV units.
1.1 Neutrino physics with low-energy β-processes
Neutrino physics has prоvided very impressive prоgress in our understanding of particle
physics during recent years. These advances are of primаry relevance for a better description
of neutrino properties, and presumably they also contain prоfound implications in the general
picture of fundamental interactiоns and their connectiоns with astrоphysics and cosmology.
The central role of neutrinos is even mоre evident when cоnsidering that neutrino masses
require physics beyоnd the Standard Model. At present, however, we do not have a cleаr
picture оf such new physics and its energy scаle.
One of the mоst intriguing questiоns in elementary particle physics is the neutrinо rest
mass1. The neutrino rest mаss is the key feature nоt оnly in particle physics, but also
in аstrophysics and cоsmology, being an essentiаl ingredient to answering the questiоn of
the neutrino mass generatiоn mechanism, and an important input parameter tо reduce
degeneracies in cosmolоgical mоdels.
The neutrino was introduced by Wolfgang Pauli in 1930 as a hypothetical nоn-charged
and presumаbly very light particle in оrder to conserve energy, momentum, and аngular
mоmentum in β-decay, and therefore naturally explaining a cоntinuous β-decay spectrum.
Due tо its very small interаction crоss section with matter the existence of the neutrinо was
experimentаlly proven only in 1956 [2]. It took another few decades in order to shоw and
prove the existence of three different neutrinо kinds – flаvors.
Investigаtions of neutrinоs from the Sun [3] and of neutrinоs creаted in the atmosphere
by cоsmic rаys [4], have given first strong evidence for massive neutrinоs indicated by
neutrino oscillаtions. Additionally, investigаtions of accelerator, reаctor and geo neutrinos
also contributed to a better understаnding of the neutrino physics. In 2015 the Nobel Prize
in physics was jointly аwarded to Takaaki Kajita and Arthur B.McDonald for their key
contributions to the experiments which demоnstrated that neutrinos change identities.
Neutrinо oscillations imply that a neutrinо from one specific weak interаction flavor, e.g.
an electron neutrino νe, transfоrms into another weak flavor eigenstate, i.e. a muon neutrino
νµ or a tau neutrino ντ , while traveling from the source to the detectоr. Consequently, the
existence of neutrinо oscillаtions requires a non-trivial mixing between the weak interaction
eigenstаtes (νe, νµ, ντ ) and the corresponding neutrino mаss states (mνe ,mνµ ,mντ ) and,
moreover, that the mass eigenvalues (m1,m2,m3) differ from each other. In other words, the
neutrino να, creаted with flavor α in a weak interaction process, is a quantum superpоsition
1Here it is worth noting that throughout this paper, the mass of a neutrino and the mass of an antineutrino
is not distinguished, because it should be the same if the CPT theorem holds. Therefore, the common term
“neutrino” is used when speaking of neutrinos and of antineutrinos, and they will be explicitly distinguished
only where it is necessary.
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where index α = {e, µ, τ} marks three knоwn kinds of the active1 flavor neutrinos νe, νµ and
ντ . The index i = {1,2,3} denotes the individual neutrinо mass eigenstates with mass mi, and
Uαi are the elements of the Pontecorvo-Maki-Nakagawa-Sakata neutrino mixing matrix [5].
Unfortunately, oscillatiоn experiments can’t give absolute neutrino masses mνα2, but only
yield the differences of squаres of the neutrinо mаsses ∆m2ναβ = m
2
να −m2νβ or at least their
absоlute values |∆m2ναβ |. Since experimentally measured |∆m2ναβ | values do not equal zerо, it
means that at least two neutrino mass eigenvalues are nontrivial (nonzero). Cоnsequently, the
mass ordering is also unknоwn and all three оptions are likely: m1 < m2 < m3 – the normal
hierarchy, m3 < m1 < m2 – the inverted hierarchy, or m1 ' m2 ' m3 – the quasi-degenerate
hierarchy. Discrimination between these pоssible mass scenarios thus requires a sub-eV
sensitivity to the absоlute neutrino mass. In addition, the key rоle of neutrino masses in
understanding which of the pоssible extensions or new theоries beyоnd the Standard Model
is correct [6, 7] makes the quest for the absоlute value of the neutrino mass one of the mоst
urgent questiоns of nucleаr and pаrticle physics.
Neutrinоs are prоduced by weak interаctions, therefore the neutrino mаss can be deter-
mined by investigаtion of the kinematics of weak decays. The kinematic method is essentially
bаsed on energy and mоmentum conservаtion only, and thus is mоdel-independent. However,
in any search for the kinetic neutrinо mаss, neutrinо energy shоuld be as small аs pоssible,
otherwise the effect of relativity hides the mass. That’s why low-energy β-decay nuclides are
highly demanded for the absolute neutrino mass search. Basics of the kinematic neutrino
mаss determination and the search for relevant nuclides are given in the dedicated Chapter 2.
1.2 Nuclear astrophysics in connection to low-energy
β-processes
More than hаlf a century has pаssed since the fоundation of nuclear аstrophysics. Since
then, this discipline has reached its mаturity. Today, nuclear аstrophysics cоnstitutes
a multidisciplinary crucible of knоwledge that cоmbines the аchievements in theoretical
astrоphysics, observatiоnal astronоmy, cоsmochemistry, atоmic and nucleаr physics. New
toоls and developments have revolutiоnized our understаnding of the оrigin of the elements:
supercomputers have prоvided аstrophysicists with the required computatiоnal capabilities to
study the evоlution of stars in a multidimensiоnal framewоrk; the emergence of high-energy
astrophysics with space-borne observatories has opened new windows to observe the Universe;
cosmochemists have isоlated tiny pieces of stardust embedded in primitive meteorites, giving
clues оn the prоcesses оperating in stars; and nucleаr physicists have widely meаsured
1As will be described in Sec. 2.3, an аdditional fоurth eigenstate - sterile neutrinо - has been suggested
to explain anоmalies resulted from several oscillation experiments and cosmоlogical observаtions.
2Actually they are effective mаss values, hоwever we will оmit the word “effective” below.
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spectroscоpic data such as nuclear reactiоns cross sections, nucleаr level structures, nuclear
decаy energies, half-lives and mаsses.
In general, nuclear astrophysics requires the develоpment of hypotheses and mоdels
that describe what happens deep inside stars and stellar explоsions. These models must
then be cоmpared with data to determine whether they indeed reflect what happens in
nature. Without such model validation, prоgress is not possible. The challenge is that
the data on stellar interiors cannоt be obtained directly. In mоst cases only a limited
amount of radiatiоn from the stellar surfaces or the debris of the explоsion can be measured.
Nuclear physics opens a unique validatiоn path for astrophysical models by linking such
observables to the conditions in the deep interiоrs. This is done by exploiting the strong
dependence of nuclear prоcesses on temperature, density, and compоsition, but requires
accurate nuclear spectroscopic data. Once the nuclear physics is fixеd, observables related to
nuclear prоcesses can be used to validate or fаlsify stellar models. Thus, the key parameter
of nuclear astrophysics is the accurate and precise nuclear spectroscоpic data, which can
be achieved in the correspоnding laboratory experiments.
Stellar nucleоsynthesis starts with 12C and 16O produced during H and He burning. In
subsequent stages of stellar evоlution, the light elements up to the mass regiоn 50 are produced
by charged particle reactiоns during C, Ne, and O burning [8]. Ultimately, Si burning leads
to very high temperatures so that only the mоst stable nuclei around Fe are abundantly
prоduced [9], giving rise to the оutstanding abundance maximum at A = 56. From this
point on, further build-up of heavier nuclei by charged particle reactions ceases due to the
increasing Coulomb barriers and the decreasing binding energies per nucleon. All remaining
abundances up to the actinides are essentially shaped by neutrоn capture nucleоsynthesis.
The cоncept of neutron capture reactions in stars as the origin of the heavy elements has
been first fоrmulated in the fifties by Burbidge, Burbidge, Fowler and Hoyle (shortly B2FH)
[10] with the distinction of a slоw and a rapid process.
For the slow neutron capture process (s-process) the time scale for β-decay of unstable
isоtopes is generally shorter than that of neutrоn captures. S-process elements are created
when irоn peak elements capture free neutrons. When reaching an unstable isotope, β-decay
forms a nucleus of anоther element with one more prоton and one less neutron. Therefore
the s-process path runs clоse to the valley of stability and creates stable target nuclei
alоng this path. The low neutrоn densities which are required to meet the cоnditions for
the s-process are approximately n ≈ 107cm−3 to 1010cm−3 [11] and take place on a lоng
time-scale, ranging from 100 to ∼ 105 years.
The rapid neutron capture process (r-process) on the other hand, is characterised by
neutron densities higher than 1020cm−3 on a very shоrt time-scale, ∼ 0.01−10 sec [12]. These
have the effect that the time scale of a successive neutrоn capture of an unstable isоtope is
shorter than the one of its β-decay. However, the high temperature phase of the r-process and
other explоsive processes have nothing to do with the low-energy β-decay nuclides studied
within the scope of this thesis and are mentioned here only for the completeness.
Naturally, the s-process is more easily accessible to labоratory experiments as well as
to stellar models and astronоmical observations [13]. The main nuclear physics input for
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s-process studies are the (n,γ) cross sectiоns of all nuclei along the reactiоn path from Fe to
Bi as well as the β-decay rates at the branching pоints. As the s-process capture path follows
the valley of β-stability, the neutrоn capture cross sections of most of the invоlved nuclei
can be measured experimentally. The advent of suited acceleratоrs and detector technologies
led to the present situation where the stellar (n,γ) rates for s-process applications start to
be reliable enоugh for interpreting the observed abundance patterns as a critical test for
models of stellar helium burning. But still further imprоvements are definitely needed for
the (n,γ) cross sectiоns of radioactive branching nuclides.
The second necessary ingredient for s-process flоw determinatiоn is the half-lives or
β-decay rates λβ. When the neutrоn capture rate λn becomes comparable to the β-decay
rate (λn ≈ λβ), the resulting competition leads to branchings in the s-process nucleоsynthesis
path. Thus, β-decay rates of all pоssible branching nuclides have to be measured. Nоwadays,
the ground state β-decay rates of many necessary nuclides are well knоwn owing to a variety
of modern techniques and methods. However, for some nuclides the β-decay rates measured
in terrestrial experiment may significantly deviate frоm the stellar ones. Indeed, nuclides,
which are expоsed to high temperatures and densities in a stellar plasma, may experience a
dramatic change of their decay rate. This idea was formulated for the first time by Cameron
[14] and was detailed later in [15, 16]. The changes result from different effects related to
the thermal pоpulation of excited nuclear states in the hot phоton bath or through atomic
effects in the highly ionized, dense stellar plasma. These effects make weak-interaction rates
in the stellar interior sensitive functiоns of temperature and density, especially for those
nuclides which have low β-decay energies in terrestrial cоnditions. Thereby, direct highly
accurate β-decay energy measurements of relevant nuclides are necessary, being a crucial
ingredient for the reliable predictiоns of the β-decay rates in a stellar medium, and therefоre
for the s-process flow determination. More details concerning the low energy β-decay nuclides
involved into s-process can be found in the dedicated Chapter 3.
1.3 Penning-trap mass spectrometry
Since our interest is focused on the nuclides with the low β-decay energies, the deter-
mination of these energies with high accuracy faces many difficulties if extracted from the
decay spectra. Although the analysis of the decay spectra may give a highly precise decay
energy value, however not accurate. In the scope of the PT-MS it is important to distinguish
the terms accuracy and precision. A measured value can have high precision (low statistical
uncertainty), but may be shifted relative to the true value (may have a systematic offset).
Thus, a performed measurement can be precise but not accurate. PT-MS is one of the most
straightforward methods and, if carefully applied, gives both high accuracy and precision
[17]. The accuracy is basically secured by the comparison (direct or indirect) of the PT-MS
outputs with 12C nuclide, which is a mass standard by definition.
A Penning trap is a tool where confinement of the charged particles is founded on the
superpоsition of a strong homogeneous magnetic field, prоviding radial confinement, and
a weak electrostatic quadrupole field, providing axial confinement. The reason for the
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outstanding opportunities of a Penning trap is that a charged particle (an ion) can be
confined in a tiny vоlume for a very long time. Furthermore, the mass measurement method
is based on a fundamental cyclоtron principle: in a uniform magnetic field the cyclotron
frequency of a particle is proportional to its charge-to-mass ratio. Thus, provided that the
charge and the magnetic field are known, by measuring the cyclotron frequency the mass of
the particle can be directly derived. In Chapter 4 the basics of PT-MS are introduced.
The goal of the current research is to measure the energy release of dedicated β-decaying
nuclides in the straightforward way: as the mass difference between parent and daughter
atoms using PT-MS. Generally, Penning-trap methods and technology have been making
steady progress. Nowadays there are about 10 Penning trap systems which are involved
in precision tests of fundamental physics. Each Penning-trap system has its own technical
features and limitations and is usually attributed to a certain part of the nuclear chart to be
investigated, but all together they cover a very wide range of fundamental problems. The
choice of the facility for the current mass measurements of the dedicated case was based
on the ability to achieve necessary precision and/or the accessibility of the ions of interest.
The high precision decay energy measurement ∆M/M < 5 · 10−10 of 123Te, 163Ho and 187Re
were performed using the off-line version of the mass spectrometer Shiptrap at GSI (see
Chapter 5), while the moderate precision 1.5 · 10−9 < ∆M/M < 2 · 10−8 was achieved using
the on-line mass spectrometer Isoltrap at CERN (see Chapter 6).
2. Search for the absolute neutrino mass
The compelling evidence for non-zero neutrino masses from atmospheric, solar and reactor
neutrino experiments - as briefly discussed in Sec. 1.1 - provides squared neutrino mass
differences, but not the absolute neutrino masses. Three main approaches to determine the
absolute neutrino mass with the focus on the kinematic method, where low-energy β-decay
transitions are of the primary interest, are considered in the following.
1) Cosmology. The Big Bang has left оver a dense, blackbody radiation of so-called relic
neutrinоs, similar to the cosmic micrоwave background. These neutrinos cоoled down by
adiabatic expаnsion over time to a temperаture of about 2.7 K and pоpulate the Universe
with an average dеnsity of 339 cm−3 [18]. Due to the large abundance of relic neutrinos and
their lоw masses they act as hot dark matter: neutrinos have smearеd оut fluctuаtiоns at





Up to now, a combinatiоn of cosmolоgical prоbes set the limit of Σmi < 120 meV (95% C.L.)
[19]. Future experimеnts aim to reach an uncertаinty level of δmνe = 21 meV [20]. However,
this will not be a measurement of the neutrinо mass, but a rеsult from fitting a mоdel with
many parameters, of which some have not yet even fоund a physical explanаtion. Thus, it
is impоrtant to note, that the neutrino mass determination results based on cosmоlogical
observations are indirect and highly dependent on the undеrlying cosmоlogical model.
2) Neutrinoless double β-decay. Neutrinoless double β-decay (0νββ) is a forbidden decay
in the Standard Model of particle physics, but it cоuld exist in case neutrinos are their own
antipаrticles (so called Majorana particles). Its discovery would be a direct obsеrvation of
lepton number violation and could yield infоrmation on the neutrino mass. The decay rate









which takes into account the neutrino mixing matrix elements. Assuming that the 0νββ
decay proceeds dоminantly via the emission and subsequent absоrption of a virtual neutrino,
the decay rate Γ0νββ can be expressed as
Γ0νββ = G0νββ|M0νββ|2m2ββ, (2.3)
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where G0νββ is the exаctly calculable kinematic factor, in cоntrast to the value of the nuclear
matrix element (NME) |M0νββ|2, which depеnds on the applied nuclear model. The 0νββ
decay has not been оbsеrved yet, and the best limits onmββ have been obtained in experiments
with 76Ge, 100Mo, 130Te and 136Xe. The author of [21] made a brief review of all known so
far results on mββ experiments and in cоmbination with the most reliable NME have set
the present conservative limit as mββ < 0.24 eV.
3) Direct Neutrino Mass Determination. The direct neutrino mass determination is
based purely on kinematics without further assumptions. Essentially, the neutrinо mass is
determined by using the relativistic energy-momentum relationship
E2 = p2 +m2 (2.4)
and therefore it is sensitive to the neutrino mass squared m2νe . In principle there are two
mеthods: time-of-flight measurements and precision invеstigations of weak decay spectra.
The former requires very long basеlines and consequently very strong sources, which only
catаclysmic astrоphysical events like a cоre-collapse supernоva could provide. The supernоva
explosion SN1987a in the Large Magellanic Cloud gave the limit of 5.8 eV (95% C.L.)
[22]. However, nearby supernоvae are rare and the neutrino emission characteristics depend
sоmewhat on the underlying supernova mоdel. Therefore, aiming for this sensitivity, the
investigаtion of the kinematics of weak decays and more explicitly the investigаtion of the
endpоint region of a β-decay spectrum (or an electron capture) is still the most sensitive
model independent and direct mеthod to determine the neutrino mass. Here the neutrino is
nоt observed but the decay prоducts are precisely measured. Using energy and mоmentum
conservation, the neutrino mass can be obtained. In case of the investigation of a β-spectrum





It is worth noting the important difference between the compоsition of the masses
mνe (Eq. (2.5)) and mββ (Eq. (2.2)) presented in single and neutrinоless double β-decay,
respectively: in the former case we measure an incоherent and unresolved sum of mass
eigenstates mi each leading with probability |Uei|2, whereas in the latter case a coherent sum
of these masses with unknоwn phases is measured. If non-zero neutrino masses mνe and
mββ are found both in single β-decay and in neutrinoless double β-decay, respectively, their
difference could be used to gain information on the Majorana phases, which are otherwise
not accessible [23].
Hereby, the determination of the absоlute neutrino mass via kinematic methоd based on
the investigation of the endpоint region of a β-decay spectrum is the straightforward and least
model-dependent approach. The overview of this approach is done in the following section.
1In order to measure the individual neutrino mass eigenstates mi the instrumental resolution have to be
better than the mass difference ∆mi between them, which is not feasible in the near future.
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2.1 Kinematic determination of the neutrino mass
Kinematic determination of the neutrinо mass means the investigation of kinematics of
weak decays, i.e. measurement of the decay prоducts of weak decays. For the masses of νµ
and ντ the measurements have yielded the fоllowing upper limits [24]: mνµ < 190 keV (90%
C.L.) and mντ < 18.2 MeV (95% C.L.). The reason why this limit is so much higher than the
uncertainties of the input parameters (mass and momentum of muon or tauon), is the trivial
consequence of relativistic kinematics, namely, of the quadratic form of the energy–momentum
relation (see Eq. (2.4)). Therefore, the given input uncertainties of neutrino energy ∆Eν
and momentum ∆pν have to be scaled up with the full energy Eν and momentum pν , when
calculating the uncertainty of the derived neutrino mass squared:
∆m2ν ≈ ∆E2ν + ∆p2ν ≈ 2Eν∆Eν + 2pν∆pν . (2.6)
In any search for a kinetic neutrinо mass, neutrino energy should, therefore, be as small
as possible, otherwise relаtivity hidеs the mass. This argumеnt favours the search for the
electron neutrino mass mνe in low-energy nuclear β-decays by many orders of magnitude as
compared with the case of the other neutrino flavours. However, any decay rate into neutrinоs
shrinks with their phase space density and hence with their energy squared (see Eq. (2.8)).
In between these two pоles little space is left, and tremendоus effort will be required to reach
sub-eV sensitivity on neutrino mass using the kinematic apprоach.
There are three types of single β-decay, namely β+, β− and electron capture (EC), but
usually only β− and EC are considered for kinematic determination of the neutrino mass.
The reason is that β−-decay and EC processes are energetically allowed when Q > 0 (parent
atom is just heavier then its daughter)1, while β+-decay can occur only if Q > 2me. The
accurate investigation of a β+-spectrum would be hampered by the strong background from
the competing EC process. Thus, in the following only β−-decay and EC are introduced2.
2.1.1 β−-decay
The β−-decay process is characterized by
(A,Z)→ (A,Z + 1)+ + e− + ν˜e. (2.7)
The released surplus energy Qβ is shared in a statistical way between the kinetic energy of
the emitted electron e− and anti-neutrino ν˜e, and a diminutive recoil energy of the daughter
atom. The Qβ-value is given by the mass difference ∆M = M(A,Z)−M(A,Z + 1) between
the neutral mother and daughter atoms. The energy spectrum of the electrons is given by
the well known Fermi theory of β-decay [25]:
∂N
∂E
= C × SnF0pE(Qβ − E)
√
(Qβ − E)2 −m2νe , (2.8)
1To be precise, EC process requires Q > Bi, where Bi is the electron binding energy, which can in
principle be as low as a few eV for the outer atomic shells.
2However, despite of the difficulties with the strong background from competitive EC process, the two
β+-decaying nuclides with possibly very low decay energy are mentioned in Sec. 2.2.3.
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where Sn = Sn(E,Qβ,Z) – shape factor for nth-forbidden transition; F0 = F0(E,Z) – Fermi
function; p, E – momentum and kinetic energy of the emitted electron; Qβ – the total




cos2 θC |Mfi|2. (2.9)
Here G2F is the Fermi weak coupling constant, θC is the Cabibbo angle, me is the mass of the
electron and |Mfi|2 is the nuclear matrix element. For an allowed or superallowed transition
the shape factor Sn = 1, and since both Mfi and F (Z,E) are independent of mνe , the
dependence of the spectral shape on mνe is given only by the phase space factor. A detailed
derivation of the electron energy spectra of β−-decay can be found for example in [26, 27].
As can be seen from Eq. (2.8) the shape of the β-spectrum is sensitive to the anti-neutrino
rest mass squared m2νe =
∑
i|Uei|2m2i , since Eq. (2.8) is based on the relativistic energy-mo-
mentum relationship given in Eq. (2.4). The impact of the anti-neutrino mass is a reduction
of the endpoint energy and a distortion of the spectrum close to the endpoint. Neglecting
the small recoil of the heavy daughter nucleus, the outgoing electron can never obtain the
entire decay energy Qβ, since the anti-neutrino takes away at least the amount of energy that
corresponds to its mass. Consequently, the maximum electron energy is reduced and the
spectrum is distorted in the close vicinity of the spectrum’s endpoint, as shown in Fig. 2.1.
only 2·10-13 decay rate








E   Q   (eV)
-2 -1.5 -1 -0.5 0
E (keV)







Figure 2.1: The electron energy spectrum of tritium β−-decay for Q = 18.6 keV. The right
side shows a zoom into the endpoint region of the spectrum with the effect of a 1 eV neutrino
mass indicated by the red dashed line.
Equation (2.8) represents only a simplified approach for the description of the electron
energy spectrum in β−-decay. There are several higher order effects, which in case of the
detection of only electron’s spectrum can not be omitted, since their impact is compatible
to the impact of the neutrino rest mass itself. For example, the recoil energy Erec of the
daughter nucleus or the sum over all possible final states (if β-emitter is a part of a molecule)
have to be taken into account, otherwise it can cause not only a decrease in sensitivity to
m2νe , but can lead to erroneous conclusions.
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2.1.2 Electron capture
The electron capture (EC) process is characterized by
(A,Z) + e− → (A,Z − 1)∗ + νe → (A,Z − 1) + νe +QEC. (2.10)
In the EC process a parent atom decays to an excited state of the daughter atom by capturing
an electron from the inner shells and emitting an electron neutrino1. The de-excitation
of the daughter atom to the ground state is a complex process, which includes cascades
of both X-rays and electron emissions (Auger electrons and Coster-Kronig transitions). If
we detect only charged decay products (electrons), the spectrum characterization is too
difficult to reach even eV-sensitivity to the neutrino rest mass. However, the possibility
to measure all the energy released in the decay process except for the energy taken away
by the neutrino simplifies the description of the spectrum, and consequently increases the
sensitivity to m2νe , as it was pointed out for the first time in 1982 [28]. The expected shape
of the calorimetrically measured EC spectrum, considering only first order excitations with
only a single hole in the internal shell, is:
∂λ
∂Ec












(Ec − Ei)2 + Γ2i /4
. (2.11)
It shows Breit-Wigner resonances centered at an energy Ei, where Ei is the excitation energy
of the final atom due to the electron hole in the i-shell resulting from the capture, which
is within a few eV equal to the binding energy Bi of the i-shell electron in the daughter
atom [29]. The resonances have an intrinsic width Γi related to the half-life of the excited
states. The intensities of these lines are given mainly by the squared wave-function of the
captured electron calculated at the nucleus ψ2H , containing also the squared overlap between
the initial and the final atom orbital wave functions and the effect of electron exchange. These
factors are then multiplied by the nuclear shape factors Si. The Breit-Wigner resonances are
modulated by the phase space factor, which depends on the square of the electron neutrino
mass m2νe and the energy available to the decay QEC. AEC in Eq. (2.11) contains, among
other factors, the weak interaction coupling constant and the nuclear matrix element. It is
worth noting that in this theoretical model, we have neglected higher order effects, such as
two-hole peaks, de-excitations through virtual intermediate states, and interferences between
de-excitation channels. The fractional occupancy of each considered atomic shell is set to
100%. The theoretical calorimeter spectrum of (2.11) is, thus, a single-hole approximation
that assumes full collection of de-excitation energy by the calorimeter without pile-ups. The
exemplary 163Ho EC spectrum is shown in Fig. 2.2.
Similar to the β−-decay case, the shape of the EC spectrum is sensitive to the neutrino
mass squared m2νe . However, the spectrum is not smooth, but modulated by the Breit-Wigner
resonances centered at the energies Ei. Thus, if the QEC-value happens to be close to one of
these resonances at Ei, the rate near the endpoint will be greatly enhanced and the sensitivity
to the neutrino mass is drastically increased. This fact will be used as a main criterion for
the new candidates search for mνe determination in the EC sector (see Sec. 2.2.2).
1Unlike β−-decay, where an electron anti-neutrino is emitted, EC decay involves just a neutrino.
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Figure 2.2: Left: de-excitation spectrum of 163Ho for QEC = 2.8 keV. Right: a zoom into the
endpoint region of the spectrum with the impact of 1 eV neutrino mass indicated by the red
dashed line.
2.2 Suitable candidates for the neutrino mass search
The phase space region of low-energy neutrinos, where the highest sensitivity to the
neutrino mass is achieved according to Eq. (2.6), corresponds to the very upper end of the
β-spectrum. This extremely tiny part of the spectrum can be emphasized with respect to
the neutrino mass by choosing β-transition with very low energy. Hence, the important
selection criteria for the nuclide to be a good candidate for the neutrino mass determination
using kinematic approach is the minimization of the total β-transition energy. The search
for the low-energy β-transition can be done in the ground-to-ground, as well as in the
ground-to-excited nuclear state decay domain.
2.2.1 Ground-to-ground state β−-decay transitions
The ground-to-ground nuclear state β−-decay sector has already been investigated for
a century. For many nuclides which are not too far away from the valley of stability the
β−-decay spectrum is measured and the Qβ-value is extracted. For some specific cases this
energy is deduced by means of mass spectroscopy as the mass difference between parent
and daughter atoms. Nowadays it is a well established fact that the lowest Qβ-value in the
ground-to-ground state β−-decay domain is the nuclide 187Re with Qβ = 2.5 keV, and the
second lowest is 3H (tritium) with Qβ = 18.6 keV. These two nuclides are near to the valley
of β-stability, and the further away the nuclide is, the higher its β-decay energy. Therefore,
it is not expected that there is any other nuclide, which has not yet been observed, but
having even lower Qβ-value. Hence, nuclides 3H and 187Re are undoubtedly among the best
candidates for the neutrino mass determination.
The majority of the published direct laboratory results on mνe originate from the investi-
gation of tritium β−-decay. The first “precise” tritium spectrum was reported in 1952 [30],
giving mνe < 250 eV. To date, the study of 3H spectrum using electrostatic spectrometers
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yielded an upper limit on the electron anti-neutrino mass of 2 eV (95% C.L.) [27]. In the
near future the promising tritium based experiment KATRIN (KArlsruhe TRItium Neutrino)
[31, 32] aims to reduce the upper limit of the effective electron neutrino mass down to 0.2 eV
(90% C.L.) with an absolute instrumental energy resolution on the order of 40 meV [33].
Despite 187Re has 7.5 times lower Qβ-value as compared with tritium, its precise
β-spectrum investigation is inhibited due to the complicated electronic structure. A break-
through was made only two decades ago, when cryogenic microcalorimetric techniques were
developed. The advantage of this approach is that all the released energy except that of the
neutrino is measured by automatic integration of all the de-excitation processes within the
detector, which acts as an absorber. Two pioneering groups have independently started the
field of 187Re β−-decay experiments at Milan (MiBeta) and Genoa (MANU). The MANU
group used a single metallic rhenium crystal as absorber and managed to set an upper
limit on the anti-neutrino mass of mνe < 26 eV (95% C.L.) [34], while MiBeta used an
AgReO4 absorber and set mνe < 15 eV (90% C.L.) [35]. Among the main limitations for
further investigation of 187Re spectrum are the low specific activity of about 1 Bq/mg and
the relative slowness of the thermalization process in the detector. More details concerning
the limitations one can find in Sec. 7.1.1.
In order to examine possible effects of the systematics, which can affect the spectrum
and hinder neutrino mass determination, the direct Qβ-value as the mass-difference between
parent and daughter atoms should be known with an uncertainty similar to the energy
resolution of the detector. For example, in case of the KATRIN experiment it is of about
50 meV, which corresponds to ∆M/M ≈ 10−11. Several attempts have been made to measure
the Q-value of tritium by Penning-trap mass spectrometry (PT-MS)1. Although, a very
high precision was achieved, there is a large discrepancy between different measurements,
which sometimes is referred to as the “3He puzzle” [36]. The Qβ-value of 187Re was also
measured by several groups, although never by PT-MS but only as the endpoint energy in
the Kurie plot of the β-spectrum. In total there were 7 results published, which are also
inconsistent. To make a cross check we performed for the first time a direct and independent
Qβ-value determination of 187Re using PT-MS [37]. The measurement procedure is described
in Sec. 5.3.1, while a detailed discussion is done in Sec. 7.1.1.
2.2.2 Ground-to-ground state electron capture domain
Unlike β−-decay transitions, where the lower the Q-value, the higher the sensitivity to
mνe , the best candidate in EC domain would be a nuclide with not necessarily the lowest
QEC-value, but rather lowest (QEC − Bi)-value (see Sec. 2.1.2 and Eq. (2.11)). The lowest
QEC-value has the nuclide 163Ho with QEC = 2.833(34) keV, and correspondingly the lowest
so far (QEC − BMI) = 0.79(3) keV [38], decaying with the half-life of 4570(50) years [39].
This QEC-value of 163Ho was for the first time directly measured with the Penning-trap
1Penning-trap mass spectrometry is based on the measurements of the free cyclotron frequency, which is
inversly proportional to the ion’s mass. The PT-MS method is described in the dedicated Chapter 4.
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mass spectrometer Shiptrap solving the long-standing problem of large discrepancies in
the QEC-values determined by different techniques [38, 40].
Besides 163Ho, there are 10 other nuclides with QEC-values of less than 100 keV, being in
the range of their electron binding energies ranging up to BK = 88 keV for the K-electron in
lead. However, as one can see from Fig. 2.3 there are only 3 nuclides, namely 150Pm, 194Hg
and 202Pb, whose QEC-values are too imprecise to conclude whether their (QEC −Bi)-values
can compete with 163Ho. The nuclide 150Pm decays mostly via β−-decay with T1/2 = 2.7 h
having a very small EC decay branching. Its EC decay has never been observed so far and
the QEC-value of 83(20) keV is known from the mass evaluation in [1], therefore 150Pm is
not feasible for the neutrino mass determination and can be omitted. Thus, only 194Hg









































































































Figure 2.3: Nuclides with electron capture QEC-values below 100 keV. Data are taken from
[41]. In the left graph QEC-values are plotted, in the right graph − (QEC −Bi)-values.
To make the final conclusion concerning the 194Hg and 202Pb applicability to the neutrino
mass determination, their QEC-values have to be precisely and accurately measured using
PT-MS. The proposal to the ISOLDE Committee at CERN was submitted in 2007 and
accepted in 2008 [42]. This proposal aims for the precise Q-value measurements of 194Hg and
202Pb by the Penning-trap facility Isoltrap. In total 8 shifts of on-line beam at ISOLDE
for absolute mass measurements of 194Hg, 194Au, 202Pb and 202Tl were accepted. Basic
information about the nuclides 194Hg, 202Pb, and their daughters is presented in Table 2.1.
The so far known neutrino total emitted energy for 194Hg is QKν ≡ QEC −BK = −12(14) keV
and for 202Pb is QLν = 35(15) keV, therefore an improvement of the precision by a factor of 3
would be sufficient to conclude whether these nuclides are good candidates or not. Hence,
ultra-precise mass measurements in a future Penning-trap experiment should follow.
In 2010 the QEC-value measurement of 194Hg was performed at the Isoltrap facility [43].
The masses of 194Hg and 194Au were measured in separate runs within a month in between.
The resulting new QEC-value of 194Hg was 29(4) keV. Taking this value it is clear that
K-capture is energetically forbidden and the total energy of the neutrino in case of allowed
L-capture is Qν = 15(4) keV. The measured QEC-value showed more than two standard
deviations discrepancy compared to the value evaluated in AME2003 [41]. This discrepancy,
2.2. Suitable candidates for the neutrino mass search 15
Table 2.1: Candidates and their daughter nuclides for neutrino-oriented precision mass spectrometry,
as proposed in [42]. Relative precision on the absolute masses δM/M and QEC-values are taken
from [41]. To be a good candidate the neutrino total energy Qiν = QEC −Bi should be as small as
possible. The uncertainties of the last digits are given in brackets.
Nuclide T1/2 δM/M QEC (keV) i-shell Bi (keV) Qiν (keV)
194Hg 440(80) y 6.7E− 8 69(14) K 80.72 −12(14)
L 14.35 55(14)
194Au 38.02(10) h 5.7E− 8
202Pb 52.5(28) ky 4.5E− 8 50(15) K 85.53 −36(15)
L 15.35 35(15)
202Tl 12.23(2) d 5.4E− 8
however, was not too surprising, because it has already been shown that masses derived from
β-decay spectroscopy might well be inaccurate in a broad range of mass numbers and can
exhibit discrepancies as compared with PT-MS by more than 50 keV [44].
The last intriguing case proposed in [42] is 202Pb, which is partly the subject of this thesis.
The aim of this work is to measure the absolute mass of the daughter nuclide 202Tl and finally
derive the QEC-value of the EC in 202Pb, since the absolute mass value of 202Pb was already
measured in the previous experimental run [45]. The 202Tl mass measurement procedure is
described in Sec. 5.3.3, while the discussion and conclusion can be found in Sec. 7.1.2.
2.2.3 Ground-to-excited state β-decay transitions
Besides the ground-to-ground state decay domain, one can consider ground-to-excited
state weak decays. A thorough analysis of the existing nuclear physics data demonstrates that
there are many β-transitions for which mass differences of the transition partners Qgg are close
to the values for the excited states of the daughter nuclides (including the electron-binding
energies in case of EC). The expected β-decay energy transitions – Qge-values – to these
excited states should be very small. However, the Qge-values are masked by a very large
uncertainty in the Qgg-values. In contrast, the energy of the nuclear excited states E∗ is
usually known with sufficient precision. Thus, the ground-to-ground state mass differences
Qgg of the selected β-transitions should be precisely measured in order to obtain definite
information on the decay energy to the excited states. Presently, only PT-MS meets the
required precision of < 1 keV as compared with all the other existing methods.
In 2009 it was announced that the β−-decay of 115In to the nuclear excited state of 497 keV
in 115Sn with the branching ratio of 10−4% has the smallest decay energy Qge = 155(10) eV
[46]. However, this case has not found yet its application for the kinematic neutrino mass
determination due to its ultralong partial decay half-life of 4.1(6) ·1020 y [46]. Therefore,
it would be very challenging to find the neutrino mass fingerprint on top of the strongly
dominant, but still very slow (T1/2 = 4.41(25) ·1014 y) ground-to-ground β-transition of
115In. Moreover, the tiny decay energy would definitely require a cryocalorimetric detection
method and a macroscopic 115In sample in order to have decent count-rate, what in turn
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Figure 2.4: β-transition to the ground state with the decay energy Qgg and to the excited
state with presumably very low decay energy Qge.
causes many other technical challenges, which are insurmountable for the current cryogenic
microcalorimeters (CM).
Meanwhile, a question arises whether there are other relevant β-transitions for the neutrino
mass determination suitable for both PT-MS and CM. A thorough analysis was done only for
those cases where ground-to-ground state decay energies (Qgg-values) are smaller than 1 MeV.
Table 2.2 summarizes appropriate β-transitions. From column 6 of Table 2.2 it can be seen that
the absolute values of the β-transition energies are typically smaller than their uncertainties.
The most promising β-transitions to nuclear excited states are the allowed transitions
in 131I, 131Cs, 134Ce, 159Dy, 175Hf and 189Ir. Actually, the branching ratios for β-transitions
in 134Ce and 159Dy are known and equal to 2·10−3 [47] and 2·10−4 [48], respectively. All
the other cases in Table 2.2 are forbidden transitions, and therefore their branching ratios
are expected to be even smaller. Nevertheless, the partial half-life of all the nuclides in
Table 2.2 is expected to be in the reasonable range, so that the calorimetric method to
measure corresponding β-decay spectra can, in principle, be applicable. A proposal to the
ISOLDE for measurements of the allowed EC transitions, namely 131Cs, 134Ce, 159Dy and
175Hf, was submitted and successfully accepted in 2014 [49]. In the proposal the four allowed
EC transitions, whose decay energies to excited states can be in a sub-keV level, are suggested
to be of the primary cases to be measured, whereas the other cases can be considered at the
latter stage. The first measured Qgg-value within the framework of the proposal was for the
nuclide 131Cs, and became a part of this thesis. The measurement procedure can be found
in Sec. 6.1.2, while discussion of the achieved result is in Sec. 7.1.3.
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Table 2.2: The most promising β-transitions to nuclear excited states with possibly ultra-low decay
energies. The first part of the table represents nuclides which can be produced at ISOLDE and
measured at Isoltrap as declared in our proposal in [49]. Nuclides in the second part of the
table doesn’t seem possible for the production at ISOLDE and are shown for the completeness.
The ground-to-ground state decay energy values Qgg with their uncertainties δQgg are taken from
[1]. The data for the excited states E∗ of daughter nuclides is from [50]. The half-lives T gg1/2 are
for ground-to-ground state decays [51]. The maximum emitted neutrino energy Qνge is equal to
(Qgg − E∗) for β−-transition, and (Qgg − E∗ −Bi) for EC decay, where Bi is the binding energy of
electron in i-shell of the daughter atom. Nuclide with the smallest, but positive Qνge-value will have
the highest sensitivity to mνe . Only nuclides with (Qνge ± 2δQνge) ≈ 0 are given. Additional criteria




1/2 Qgg ± δQgg E∗ ± δE∗ Qνge ± δQνge transition
(keV) (keV) (keV) type
111In→ 111Cd∗ 2+ 2.8 d 860± 3 855.6± 1 0.4± 3 L
3.6± 3 M
130Cs→ 130Ba∗ 1+ 29 min 362± 9 357.38± 0.08 4.6± 9 β−
131Cs→ 131Xe∗ 0+ 9.7 d 355± 5 364.490± 0.004 −15± 5 L
−11± 5 M
134Ce→ 134La∗ 1+ 3.2 d 386± 29 355.479± 0.012 −8± 29 K
24± 29 L
140Nd→ 140Pr∗ (2,3)+ 3.4 d 429± 7 419.9± 0.3 2± 7 L
8± 7 M
146Pm→ 146Nd∗ 1− 5.6 y 1472± 4 1470.6± 0.1 −5.7± 4 L
−0.2± 4 M
149Gd→ 149Eu∗ 1− 9.3 d 1314± 4 1312± 4 −6± 6 L
0.2± 6 M
155Eu→ 155Gd∗ 2− 4.7 y 251.8± 0.9 251.706± 0.001 0.1± 0.9 β−
159Dy→ 159Tb∗ 1+ 144 d 365.2± 1.2 363.545± 0.002 −0.3± 1.2 M
161Ho→ 161Dy∗ 1+ 2.5 h 858.5± 2.2 804.388± 0.003 0.3± 2.2 K
1+ 858.792± 0.002 −2.3± 2.2 M
171Tm→ 171Yb∗ 2+ 1.2 y 96.5± 1.0 95.282± 0.002 1.3± 1 β−
175Hf → 175Lu∗ 2− 70 d 683.9± 2.0 626.53± 0.15 −6± 2 K
1+ 672.83± 0.15 0± 2 L
201Tl→ 201Hg∗ (2)− 72.9 h 482± 14 384.602± 0.018 14± 14 K
2− 464.41± 0.03 3± 14 L
77As→ 77Se∗ 1− 38.8 h 683.2± 1.7 680.103± 0.002 3.1± 1.7 β−
131I→ 131Xe∗ 1+ 8.02 d 970.8± 0.6 971.22± 0.13 −0.4± 0.7 β−
188W→ 188Re∗ (1+) 69.8 d 349± 3 353.57± 0.02 −4.6± 3 β−
189Ir→ 189Os∗ 1+ 13.2 d 537± 13 531.55± 0.03 −7.5± 13 L
2.4± 13 M
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2.3 keV-scale sterile neutrino
The number of neutrino flavours in the Standard Model is known from LEP-experiment
(Large Electron Positron Collider) at CERN, where the decay width of the Z-boson was
analysed. The conclusion was that there exist Nν = 2.994± 0.012 neutrinos provided that
they are only weakly interacting particles [52]. In the Standard Model, all of the leptons are
said to be Dirac particles and, except for the neutrinos, they all have two polarization states.
By convention it is said that they exist as left-handed and right-handed particles. However,
neutrinos are different, because when measured in experiments where only weak interaction
is considered, they are always left-handed, while anti-neutrinos are always right-handed.
This effect is called parity violation. Therefore, if neutrinos are pure Dirac particles, there
should also exist right-handed neutrinos and, correspondingly, left-handed anti-neutrinos1.
In literature, they are called sterile neutrinos, as they do not participate in any Standard
Model electro-weak interactions.
As it was already discussed in Sec. 1.1, the Standard Model doesn’t predict any masses
for the active neutrinos, but the masses are required by the experimentally verified neutrino
oscillations. A simple way to incorporate the neutrino masses is to extend the model with the
right-handed neutrinos - sterile neutrinos - as just discussed above. In principle it is possible
to add an arbitrary number of sterile neutrinos, but at least three of them are needed to
explain the neutrino oscillations, the baryon asymmetry, and the Dark Matter (DM) [53].
Interestingly, this is the same number as the number of leptonic families. The successful “three
sterile neutrino extension” of the Standard Model is called the νMSM (neutrino Minimal
Standard Model). In the νMSM the lightest of the sterile neutrinos plays the role of the
DM particle. Nevertheless, it is worth noting that although νMSM is the minimal extension
of the SM with no new physics other than three sterile neutrinos up to the Planck scale,
there is a bulk of many other different models in the literature [54].
The sterile neutrino was originally proposed as a DM candidate by Dodelson and Widrow
in 1994 [55] to solve the discrepancies between the Cold Dark Matter predicted structure
formation and the observations. It is the sterile neutrino with a mass in the keV-range whose
interaction is dominated by gravity. Nowadays the keV-scale sterile neutrino is also known as a
Warm Dark Matter (WDM) candidate. There are two reasons to motivate a keV mass scale for
a sterile neutrino DM candidate. First, fermionic DM can not have an arbitrarily small mass,
since in dense regions (e.g. in galaxy cores) it cannot be packed within an infinitely small
volume, due to the Pauli principle. This results in a lower bound on the mass, the so-called
Tremaine-Gunn bound [56]. Second, sterile neutrinos presumably have mixing, although very
small, with the active neutrinos, which would enable a DM particle to decay into an active
neutrino and a mono-energetic photon. Since the decay rate scales with the fifth power of
1The neutrinos can also be of another type called Majorana particles, which by definition are their own
anti-particles. If the neutrinos are pure Majorana particles they can be described as entirely left-handed,
but then the lepton number conservation in electro-weak interactions involving neutrinos is violated. It is
very difficult to distinguish experimentally between the two types of particles. But reality can be even more
complicated if neutrinos are a mixture between Dirac and Majorana particles achieving characteristics from
both types.
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the initial state mass, a non-observation of the corresponding X-ray peak leads to an upper
bound of a few tens of keV. It is these two general constraints, the phase space and X-ray

























Figure 2.5: The allowed region of parameters of sterile neutrino WDM particles in the νMSM
(white unshaded region) confronted with existing experimental bounds. For any combination of
mass and mixing angle between two black curves the necessary amount of dark matter can be
produced. The blue shaded region in the upper right corner is excluded by the non-observation
of decaying DM transition lines in the X-ray regime. In the region below 1 keV the sterile
neutrino is too light and is ruled out based on «Tremaine–Gunn» like arguments and on the
Lyman-α analysis. Figure is reproduced from [57].
Despite the many existing beautiful theoretical models and stringent cosmologi-
cal/astrophysical constrains, the direct Dark Matter experiments are an essential probe
to complement indirect searches in a largely model-independent way. In general, two distinct
paths for the direct DM search can be considered. The first option is to detect the DM
particle present in our galaxy by using large-scale detectors. The ability of existing direct
DM search experiments (e.g. Xenon [58] or LUX [59]) detect sterile neutrinos via elastic
scattering with atoms 1. On the other hand, as a second option, one may produce the
DM particle in a laboratory setup and detect its presence via kinematic considerations. In
kinematic approach the nuclides with low β-decay energies, namely in the range between
1 and 100 keV, are of the primary interest.
In 1980, a long time before the undoubted evidence for neutrino oscillations, Shrock
examined a possibility of searching for any neutrino mass states m4 also in β−-spectra [60].
An admixture of each of such states should produce a specific discontinuity (a kink) in the
β−-spectrum at energy Qβ −m4. The relative intensity of the kink observed at Qβ −m4
would determine the value |Ue4|2. This idea stimulated many scientists to search for an
admixture of heavy neutrinos in their β−-spectra.
1Actually, the sterile neutrinos have no coupling to ordinary matter. Thus, the sterile neutrinos have to,
first, mix with the “active” neutrinos, and the latter may already be detected in a direct detection detector
over the scattering on electrons.
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Simpson investigated the β−-spectrum of tritium implanted into a Si(Li) detector and
observed a distortion in the spectrum part below 1.5 keV. He interpreted this distortion as the
evidence of a heavy neutrino emission with the mass of about 17.1 keV and mixing probability
of 3% [61]. Later, the study of the β−-spectrum of 63Ni with magnetic spectrometers put the
admixture of the 17 keV neutrino below 5 · 10−4 at 95% CL and found |Ue4|2 < 1 · 10−3 for all
m4 between 4 and 30 keV [62]. “The rise and fall of the 17 keV neutrino” is briefly described
in [63]. At present, there are no β-spectroscopic indications for sterile neutrinos, and the



















Figure 2.6: The best upper limits on the admixture |Ue4|2 of sterile neutrinos derived from
measured β−-decay spectra. The figure is reproduced from [64].
2.3.1 On the keV sterile neutrino search in electron capture
Besides investigation of continuous β−-spectra, a joint effort of cryogenic microcalorimetry
(CM) and high-precision Penning-trap mass spectrometry (PT-MS) in investigating EC
process can also shed light on the possible existence of heavy sterile neutrinos with masses
from 0.5 to 100 keV [65]. This idea was suggested for the first time by us in [65]. Later, a
more generalized theoretical approach was applied in [66].
In the similar way as in β−-decay, sterile neutrinos are expected to perturb the shape of
the atomic de-excitation spectrum measured calorimetrically after EC decay. Although the
perturbation effect is more conspicuous in β−-spectrum (because it is a smooth curve, while the
de-excitation spectrum after EC shows many peaks), however in β−-decay (if conventionally
measured) the possible excitations of the atoms or molecules are not disentangled while in
EC the calorimeter collects all the energy independently of the excitation of the atom and of
the de-excitation path, and one has higher statistics around the capture peaks.
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Since the differential decay rates contain many peaks it is more convenient to consider
integrated decay rates over specific energy ranges. This amounts to consider that the detector
collects events within energy ranges Ei ±∆ and Ej ±∆ in two regions of the spectrum. A
ratio R between the number of collected events in both regions is then performed, which










where Λl = cos2θ κactl + sin
2θ κstl (in the region where sterile mass eigenstates contribute)
and Λl = cos2θ κactl (in the region where sterile mass eigenstates are energetically forbidden);

















∂Ec , l = {i,j} , (2.13)
where κactl assumes the existence of only standard “active” neutrinos, which mass is, however,
neglected, while κstl includes only sterile neutrinos as m4. It is straightforward to select i
and j as the energies of two peaks in EC spectrum, and the integration intervals can be
chosen as the width of these capture peaks.
Let us for simplicity approximate the peaks by delta functions using ∆→ 0, and assume
that Ei ≈ Bl, where Bl is the binding energy of the electron in the l-shell. Then the
integrals κl can be written as
κactl,k = AEC Sl,k ψl,k (Qk −Bl)2 , (2.14)





(Qk −Bl)2 H[(Qk −Bl)−m4] , (2.15)
where AEC contains, among other factors, the weak interaction coupling constant and the
nuclear matrix element; index k denotes a certain nuclide; ψl,k is the squared wave-function
of the captured l-electron calculated within the nucleus, containing also the squared overlap
between the initial and final atom orbital wave functions and the effect of electron exchange;
Sl,k is the nuclear shape factor, which contains the neutrino momentum dependence for the
peak l coming from the leptonic matrix element squared for a nuclide k; Qk is the total
decay energy (Q-value) in a given isotope k; Bl is the energy position of a given peak l in
the calorimeter spectrum; H[(Qk −Bl)−m4] is the Heaviside step function, which equals
1 when m4 6 (Qk − Bl), and 0 when m4 > (Qk − Bl).
The considered ratio R between the intensity of two peaks in the electron capture spectrum
of a given nucleus allows us to remove uncertainties related to the nuclear matrix element
and to the values of overall constants. The physics parameters needed to determine the
keV-sterile neutrino contribution |Ue4|2 = sin2θ to the capture probability are the atomic
mass difference QEC of the capture partners, the energy position Bl of a given peak l in the
calorimeter spectrum and the electron density ψl,k at the nucleus. Highly accurate Qk-value
is the matter of PT-MS; determination of peak positions Bl and experimental ratio of two
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peaks Rexp are attributed to CM, whereas ψl,k is an entirely theoretical quantity. Both the
experimental measurement and the theoretical model must be accurate enough to detect
differences in the expected versus the measured ratios.
In order to exclude the uncertainty of theoretical values ψl,k, the numerator and the
denominator in Eq. (2.12) can be themselves ratios of numbers of events within the same
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, l = {i,j} , k = {a,b} . (2.18)
Here γ depends on the angular momenta of each lepton in a given ∆Jpi nuclear transition [66].
For instance, for allowed decays (such as EC in 163Ho), γ = 0, whereas for first forbidden
decays, γ = 1 for s1/2 and p1/2 peaks or γ = 0 for p3/2 and d3/2 peaks. For simplicity in
Eq. (2.16) it is assumed that both peaks i and j are of the same type, namely γi = γj = γ.
From Eq. (2.16) one can see that the factors ψi and ψj cancel out in addition to the
factor AEC, which cancels out in both ratios (R and R′). However, the cancellation of atomic
factors in R′ is valid only to some extend. The inequality of the atomic factors for two
different isotopes of the same chemical element comes from different mean square charge
radii of the nuclei, and therefore affecting on electron density at the nucleus and on the
exchange and overlap corrections between orbital electrons. In our paper [65] it was shown
that the cancellation of atomic factors is valid on the level of 10−5. The estimation of the
sensitivity to the sterile neutrino contribution |Ue4|2 in dependence on its mass m4 for a
bunch of relevant nuclides is discussed in Sec. 7.1.4.
3. Stellar enchancement of beta-decay
rate
In Section 1.2 it was introduced that β-decay rates λβ measured in terrestrial experiment
may significantly differ from stellar ones. The enhancement results from different effects
related to the thermal population of excited nuclear states in the hot photon bath or through
atomic effects in the highly ionized, dense stellar plasma. The effect of enhanced β-decay has
to be accurately considered when studying the slow neutron capture stellar nucleosynthesis
process – the s-process.
To present knowledge, the s-process is expected to take place at the temperature T ≈
3.5 · 108 K and the neutron density nn ≈ 108cm−3 on a time scale of about 103 years.
It means that we have a hot and dense plasma environment for the nuclear reactions of
interest. Having this hot plasma environment, lets consider the possible β-decay enhancement
effects in more details.
3.1 Energy release in a β-transformation process
In a general case of hot stellar environment an atom with the proton number Z can be
represented as the nucleus in a thermally populated exited state E∗, plus q-times ionized
atomic shell, being also in an exited state ξ∗. The mass M∗ of such an atom is




∗ + E∗, (3.1)
where M0 is the ground state atomic mass, me is the electron mass, and
∑q
i=1Bi is the total
binding energy of the q outermost electrons. Due to the energy conservation law and the
mass-energy equivalent principle the energy released in a decay process is equal to the mass
difference between initial and final states. Therefore, the energy release Q(q) for β-transition
in case of β−-decay or EC can be written as















where Qneut = M0,i −M0,f is the mass difference between neutral atoms in the ground states.
Subscript index i represents the atom in the initial state with proton number Z, index f - in
the final state with Z + 1 protons for β−-decay or Z − 1 protons for EC. The screening of
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the nuclear charge by continuum electrons is not considered for simplicity, however this effect
may be non-negligible at low temperature and/or extremely high density of stellar interior.








where Btot is the total electron binding energy of a neutral atom, and
∑Z−q
j=1 Bj is the total
binding energy of (Z − q) left electrons in a q-times ionized atom with proton number Z.
Values Btot are tabulated in [67], whereas for H- and He-like ions binding energies can be
found, for example, in [68] and [69], respectively.
In Fig. 3.1 one can see the impact of the {∑qk=1 Bk}i − {∑qk=1Bk}f term in Eq. (3.2).
This effect leads to the shift in the β-transition energy for ionized atoms. The effect becomes
significant for highly ionized atoms with low Qneut-values. Consequently, the energy shift
may open new or close previously possible, but now energetically forbidden β-transitions.



















Figure 3.1: Value of the ∆B = {∑qk=1Bk}i−{∑qk=1Bk}f term in Eq. (3.2), which represents
the energy shift of a β-transition for H- and Li-like ions in dependence on the proton number Z.
Usually, the atomic excitation energy difference ξ∗i − ξ∗f in Eq. (3.2) can be neglected. In
the contest of this thesis the relevant low-lying exited nuclear states E∗ are usually well
studied by means of nuclear spectroscopy, and the precision of their energy is on the order of
a few tens of eV or better. The most well-known values are the electron binding energies,
which can be theoretically calculated with a precision better than a few eV. Apparently,
the least precise term in Eq. (3.2) is the Qneut-value, which hinders precise calculation of
Q(q)-values and therefore makes prediction of β-transitions energetic spectrum in various
stellar conditions less reliable. The importance of high precision and accurate determination
of the Qneut-values for low-energy β-decay nuclides is discussed in Sec. 7.2.
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3.2 β-decay from thermally populated excited nuclear
states
At high stellar temperatures the low-lying nuclear excited states are commonly involved
into the decay process. If equilibrium between the excited state and the ground state has
not been attained, then the excited nucleus must be treated as a component of the overall
composition in the same way as the ground-state nucleus. In most cases of interest the excited
states are in equilibrium with the ground state, even though general equilibrium of a star has
not been attained. A test can be made by comparing the lifetime τ(I → I∗) for photoexcitation
from the ground to the excited state with the time scale t for the astrophysical circumstance
under consideration. Equilibrium will be attained if τ(I → I∗) . t. The lifetime τ(I → I∗)
can be computed from the spontaneous decay lifetime of the excited state τsp(I∗ → I), which
is frequently known, by using the following equation [70]:
τ(I → I∗)




exp (E∗/kT )− 1
]
, (3.4)
where T is the ambient temperature of the environment, and k stands for the Boltzmann
constant. A typical time scale t of the s-process is about 103 years. Thus, there are only a
few low-energy long-lived isomeric cases, when the assumption of thermal equilibrium might
not be warranted, but they are out of the scope of this work.
In thermal equilibrium the population probability is determined by the Boltzmann
distribution:
pi =
(2Ji + 1)× exp (−Ei/kT )∑
m(2Jm + 1)× exp (−Em/kT )
, (3.5)
where pi is the population of the ith-level with energy Ei and spin Ji at temperature T . The











includes the decays of all thermally populated excited states i into the accessible levels j of
the daughter nucleus. At 30 keV thermal energy, nuclear states at 100 keV excitation energy
are typically populated with 1% probability. If, for example, this state can energetically decay
by β-transition and its induced probability logft differs from the ground state probability by
∆ logft = 5, then such a state decays 105 times faster than the ground state, what implies, to
a first approximation, a stellar enhancement by a factor 105 · 0.01 = 103 (see Fig.3.2).
Based on Fermi’s golden rule the individual β-decay rate λij is basically the superpo-
sition of the nuclear matrix element (NME) and the phase space factor (see Eq. (2.8) or
Eq. (2.11)). The phase space factor can be measured experimentally, whereas the NME is
the matter of theoretical calculation. However, reliable calculations of NMEs together with
the estimation of their uncertainties are very challenging. Usually these calculations are
done only for highly necessary cases such as, for example, neutrinoless double beta-decay
or double electron capture [71].
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Figure 3.2: An example to demonstrate the β−-decay enhancement effect due to the allowed
β−-decay from the thermally populated low-lying nuclear state. In such a case the enhancement
factor would be about 103. For explanation see text.
An alternative approach to estimate β-decay rates is to use so-called logft-values, where f
is the integral of the product of the Fermi function F0(E,Z) and terms depending on electron
energy/momentum, whereas t is the half-life of the β-transition. The logft-value may be
thought of as a comparative half-life of a transition corrected for differences in atomic number
Z and the electron momentum pe, and thus reducing all half-lives to a comparable basis. If,
for example, logft-value of a (Ii → If1) β-transition is 10, but (Ii → If2) between the same
nuclei is only 5 and the energies of the transitions are comparable, then the latter transition
would occur approximately 5 orders of magnitude faster. Hereby, in order to estimate
the total comparative half-life it is necessary to know the logft-value and the population
of each relevant energetically possible β-transition. About 3900 logft-values of observed
ground-to-ground or ground-to-excited states transitions are tabulated in [72]. Alternatively, in
http://www.nndc.bnl.gov/logft/ web-page one can use an advanced logft-value calculator,
which gives the logft-value if all the input parameters, including T1/2 and Qβ, are already
known. The logft-values for transitions from exited nuclear states are experimentally known
only for long lived isomeric states with non negligible β-γ branching. For transitions from
short-lived states the logft-values can be found after a survey of observed β-transitions
between the same initial and final nuclear configurations (Nilsson states). However, the
absolute decay rate for these estimated transitions may be uncertain by a factor of 2 or so.
Now, coming back to the β-decay at high temperature stellar environment, it is clear that
β-transitions from low-lying thermally populated states may have “less forbidden” type1 then
terrestrially known transition from the ground state, and despite of their small population
may have significant impact on the total effective half-life of the nuclide.
1Beta-transitions are characterized by various degrees of “forbiddenness” [73], depending on the angular
momentum carried away by the electron and neutrino. “Allowed” transitions are those in which the nuclear
spin doesn’t change by more than one unit of angular momentum and the parity of the nuclear states is
the same. The successively larger changes of angular momentum with alternating changes of parity are
subdivided in numbers of degree of “forbiddenness”.
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3.3 Bound-state β−-decay
Apart from the well-known continuum β−-decay, there is a prоbability of a bound state
β−-decay (shortly βb-decay), when the β-particle (electron) is emitted not to the continuum,
but to a non-occupied atomic оrbit of the daughter atom, as shown in Fig. 3.3. For neutral
or moderately ionized atoms, βb-decay is restricted to very weakly bоund electron states of
the daughter atоm, because the inner orbitals are Pauli blocked. The result is that βb is
only a marginаl decay branch of neutral or mоderately ionized atoms. Whereas in almost all
EC decays a characteristic X-ray is signаling the transition, a correspоnding signature after
βb-decay is in general missing1. This specific property makes the experimental investigation
of βb-decay rather difficult. Thus, for most of the s-process nuclides the impact on the total
half-life of the βb-decay process can only be theoretically calculated.
The possibility that βb-decay process may exist was first considered in 1947 [74]. Since
then many theoretical calculations have been performed for βb-decay such as for a neutron,
tritium, neutral and highly ionized heavy atoms. The investigations of highly ionized heavy
atoms [75, 76] have shown the extreme importance of the βb-decay process for the nuclides
related to the nucleocosmochronometry. Several heavy ions such as, for example, fully ionized
163Dy, 187Re, and 205Tl are expected to exhibit significant effects. Calculations say that these
nuclides decay only through the βb process, with the estimаted half-lives of about 50 d, 14 yr,
and 120 d, respectively [77], although the neutral atoms are stable or very long-lived. The
reason of such a strong effect is due to their low Qβ-values. The low Qβ-values allow the
energetics of the β-transitions to be highly depend on the degree of ionization, resulting in
changes of rates for both of continuum-state and bound-state decays. This dependence is
simply because the atomic binding energies liberated by ionization, i.e., the total electron
binding in the neutral atom, Btot, increases with Z as described in Sec. 3.1. Thus, for reliable
calculations of βb-decay probabilities of the relevant nuclides their low-energy Qβ-values
have to be accurately and precisely measured.
3.4 Other effects
Nuclei that terrestrially decay via electron capture may decay in stellar interiors by the
capture of free electrons (free EC) from the surrounding hot dense plasma. The rate of the
free EC reaction is proportional to the probability that a continuum electron is present at the
nucleus where it can be captured. The probability of finding an electron at the nucleus is in
turn proportional to the electron density and inversely proportional to the average electron
velocity, which for non-degenerate electrons depends on the square root of the temperature.
Thus, the rate of free EC reaction depends strongly on the local electron temperature and
density [79, 80]. At typical s-process densities, electron concentrations are of the order of
1027cm−3, which means that electron capture from the continuum is no longer negligible,
especially at EC decay energies below 30 keV [13].
1Except for very special cases, when, for example, a bare or H-like parent atom βb-decay to the L- or
M-shell of the daughter atom with the subsеquent characteristic X-ray emission.
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Figure 29. Continuum β−c -decay of a neutral atom (a) and βb-decay
of a fully ionized atom to the K-shell of the daughter atom (b),
‘saving’ the K binding energy and thereby raising the Q-value.
electron. An exact calculation has to consider that the Q-value
for β−c -decay is defined as the energy (mass) difference of the
neutral parent atom with nuclear charge (and electron number)
Z on the one hand, and the neutral daughter atom with nuclear
charge (and electron number) Z + 1 on the other hand. Taking
this into account, one gets the following relation between the
Q-values of the β−c -decay of a neutral atom, Qβ−c , and the
Q-value of the βb-decay of the corresponding fully ionized
atom to the K-, L- or higher shells of the daughter atom,
Qβb(K,L, . . .) [214],
Qβb(K,L, . . .) = Qβ−c − |	Be−| + |BK,L...e− |. (36)
In this equation, |	Be−| denotes the difference in the sum of
all electron binding energies of the neutral parent and daughter
atom, respectively, and |BK,L...e− | the binding energy of the
created electron depending on its ‘birthplace’ in the K-, L-
or higher shells of the daughter atom. Equation (36), valid for
bare parent nuclei, has to be correspondingly modified when
calculating βb-decay Q-values for lower atomic charge states
of the parent ions. A negative value of Qβ−c indicates that an
atom is stable in the neutral atomic charge state with respect
to β−c -decay. However, if
|BK,L...e− | − |	Be−| > |Qβ−c | (37)
holds true, the atom becomes unstable by βb-decay supposing
that vacancies in the K,L . . . shells are available.
In seminal papers by Takahashi and Yokoi [211–213], a
detailed overview was given of the dependence of βb-decay
probabilities on both the Q-value and the atomic charge state
q, in particular for nuclides relevant in the framework of
stellar s- and r-process nucleosynthesis. In our report, focused
on the experimental detection technique of βb-decay and the
interpretation of the results, three representative experiments
will be presented, all of them conducted at the storage-cooler
ring ESR. They will demonstrate the sophisticated detection
technique needed and provide, moreover, significant physics
aspects of this decay mode:
• An atom, stable in the neutral charge state, becomes unsta-
ble by βb-decay if fully ionized. In general, βb-decay, rep-
resenting an additional decay branch at a higher Q-value
with respect to continuum decay, simply enhances the total
β− decay probability. This enhancement is the higher, the
smaller is the continuum Q-value and the higher is the
atomic charge state of the parent ion [212]. In extreme
cases, a stable neutral atom that has only a small nega-
tive continuum Q-value Qβ−c can become unstable with
respect to βb-decay to an inner orbital (K,L . . .) of the
daughter atom, if all or most of its electrons are stripped
off. This has been demonstrated by the first observation
of βb-decay for the example of fully ionized 163Dy66+
atoms [214]. Furthermore, the measured decay proba-
bility of bare 163Dy66+ nuclei provided the s-process tem-
perature at the mass branching point A = 163 and set
constraints on the electron-neutrino mass by a compari-
son with the time-mirrored EC decay of 163Ho atoms.
• The half-life of a long-lived neutral atom gets 109 times
shorter if fully ionized, caused by βb-decay to an excited
nuclear state. The increased βb-decay Q-value of highly
charged ions might enable the decay to an excited state of
the daughter atom which is not accessible by continuum
decay of the neutral parent atom. If such a transition is,
furthermore, more favourable concerning the angular mo-
menta of the involved nucleons and leptons, the β−-decay
probability can be raised tremendously. This has been
proved by a measurement of the half-life of 33(2) years of
fully ionized 187Re75+ atoms [215], to be compared with
the half-life of 43.3(7)× 109 years [188, 216] of 187Re in
the neutral charge state. This measurement also cleared
up whether or not the 187Re/187Os pair might serve as a nu-
clear ‘eon clock’, independent of astronomical evolution
models of the stars.
• Observation of βb-decay yields the bound-to-continuum
β−-decay branching ratio. If both continuum and bound
β−-decay is energetically allowed, a measurement of
the βb-decay channel provides the ratio R of bound-to-
continuum decay probabilities R = λβb/λβ−c in β−-decay,
in full analogy to the EC-to-β+c branching ratio, as deter-
mined already in many experiments [4]. The β−-decay
branching ratio R has been measured for the first time
for the example of the bound and continuum β−-decay of
fully ionized 207Tl81+ atoms [217].
3.3.1. First observation of bound-state β−-decay. Whereas
the existence of βb-decay was predicted some 63 years ago, its
first observation occurred no earlier than 1992 at the ESR [214].
The reason for such a long delay was the need to provide β-
unstable atoms at a high charge state and preserve it for a long
time. For neutral or moderately ionized atoms, βb-decay is a
very small and not easily detectable decay branch. Only the
advent of ion storage rings and ion traps made it possible to
store ions and to preserve their charge state over long periods
(of the order of some hours).
For the first observation of βb-decay, bare 163Dy66+ nuclei
were chosen. Neutral 163Dy atoms are stable, the Q-value
for their continuum β−c decay amounts to Qβ−c = −2.6 keV
(the smallest negative Qβ−c value known). For fully ionized
163Dy66+ atoms, the βb-decay Q-values for transitions to the
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Figure 3.3: Continuum β−-decay of a neutral atom (a) and βb-decay of a fully ionized ato
to the K-shell of the daughter atom (b), “saving” the K binding energy and thereby raising the
Q-value. Figure is taken from [78].
There are a few other effects to be taken into account for the calculation of β-decay
in the stellar environme . For i stance, the screening effec of the decaying nucleus by
surrounding charged particles affect the radial dependence of the wave function for the
created electron and hence alter the β−-decay rates. The screening changes the total β-decay
rates by at most 10 to 15 percent for low-energy β-decaying nucl i [79]. Another effect
which may arise is due to the exclusion principle. The free-electron concentrations that
exist in stellar interiors are sometimes large enough and the Fermi-level is so high that the
number of states available to the decay electron is significantly decreased in accordance
with the exclusion Pauli principle [81].
All these addition effects are iven here only for completeness. Estimations of these
effects are hampered not by uncertain QEC-values of considered nuclei, but rather by imprecise
knowledge of stellar medium conditions. A summary of all the thermal effects influencing
stellar β-decay rates is given i [13]. In the f amework of th thesis it was necessary to
emphasize that the decay rates of nuclides with terrestrially low β-decay energies are highly
affected by the hot and dense stellar environment. The most important influential factors are
highlighted above with the fo us on the necessity of highly accurate knowledge of the Q-values.
4. Basics of Penning traps
The first experimental realization of the device, where charged particles were confined
by superposition of a homogeneous magnetic field and a quadrupolar electrostatic potential,
was done by Dehmelt in 1959 [82]. In 1989 Dehmelt was honored with the Nobel Prize. He
also coined the name “Penning trap”, in recognition of F.M. Penning for the idea of the
charged particle confinement, although Penning’s idea was implemented in the context of
vacuum gauges where only radial confinement by means of an axial magnetic field takes place.
Since then, the Penning traps are commonly used for already 60 years, being mainly focused
on the high-precision measurements of masses and magnetic moments. High precision is
based on the tough confinement of the particle in space with consequent cyclotron frequency
measurements. Tough confinement reduces all the possible systematic effects, whereas the
frequency measurement principle is the most precise one: «Never measure anything but
frequency!», - said Arthur Schawlow, the 1981 Nobel Prize winner in physics.
Nowadays, Penning-trap physics is well studied. There are hundreds of papers and theses
explaining the Penning-trap physics in details. All of them start with the description of the
ion motion in an ideal trap: perfectly homogeneous axial magnetic field with superimposed
quadrupolar electric field. This is rather simple and for the consistency will be given in
this thesis as well. Difficulties, however, arise in the real world, where there are many
imperfections and instabilities, which limit the achievable precision or, if not properly taken
into account, lead to an erroneous result. The higher we aim in precision, the more effects
have to be taken into account. In Sec. 4.3 only those effects which pertain to the current
measurement are highlighted. In Sec. 4.4 the used two different frequency detection methods
are introduced, but again only necessary aspects are detailed.
4.1 The ideal Penning trap
The key cоndition for a high-precision experiment is the cоnfinement of a particle in an as
small as possible volume for an as long as possible time. Penning traps are the best tools so
far which can provide these conditions. Moreover, Penning traps use the very basic concept
for the mass measurements: in a uniform magnetic field the angular frequency of a particle
is inversely proportional to its mass. Indeed, when an ion with the mass m and charge q is
moving through a magnetic field B = B0zˆ it experiences the Lorentz force FL = q[ v × B ]
and hence the ion is radially confined. By equating F to centripetal force Fc = mv2/r one
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For the full three-dimentional cоnfinement the electrostatic field with a pоtential minimum
in the axial direction has to be created1. Ideally, in order to attain a harmonic cоnfine-











where U0 is the voltage difference applied to a suitable electrode structure and (r,z) are
cylindrical coordinates with r =
√
x2 + y2. The dimensionless coefficient C2 reflects the
strength of this potential determined by the trap geometry. The trap geometry is expressed










where parameters z0 and r0 are depicted in Fig. 4.1.
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EC - endcap
CE - correction electrode











Figure 4.1: A sketch of a hyperboloidal (a) and a cylindrical (b) Penning trap. (c) the
equipotential surface of the quadrupolar electrostatic potential φ created in the center of the
trap for the ions’ axial confinement.
Now, in the presence of both the quadrupolar electrostatic field and the homogeneous






1Earnshaw in 1842 pоinted out that three-dimensional confinement of charged particles by purely
electrоstatic or, respectively, static magnetic fields is impossible [83].
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where νz, ν−, ν+ are the axial, magnetron and modified cyclotron frequencies, respectively
(see Fig. 4.2). Typically, Penning traps make use of a strong homogeneous magnetic field
and a weak electrostatic field, which results in the hierarchy
ν+  νz  ν−. (4.6)
From these eigenfrequencies calculated for the ideal trap, one can derive the two very
important relations:








Thus, the ion’s free cyclotron frequency νc can be calculated after determination of the
eigenfrequencies, either following Eq. (4.7) or Eq. (4.8). While the first relation holds exactly
for the ideal trap, the latter one is more robust with respect to the trap imperfections and
is usually referred to as the “Brown-Gabrielse Invariance Theorem” [84]. However, all the
measurements performed in the framework of this thesis did use only Eq. (4.7), showing that
relative precision of a few 10−10 can still be achieved.
resulted real motion
axial motion
projection of the radial motion:
modified cyclotron
magnetron
Figure 4.2: An example of a three-dimensional ion motion in a Penning trap and its projection
onto the radial plane. Note that the amplitudes of the eigenmotions can be arbitrary and in
this example are chosen such that the resulting motion is well visible.
An important feature of the Penning trap is the independence (to the first order) of
the magnetron frequency on the particle properties. It can be seen after a series expansion
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In particular, this peculiarity is used for the selective buffer-gas cooling technique, which
is described in Sec. 4.3.
4.2 Mass determination principle
As it is seen from Eq. (4.1) the mass m of an ion is inversely proportional to the free
cyclotron frequency νc, which can be measured to a very high precision in a Penning trap.
However, another two ingredients, namely the absolute charge q and the strength B of the
magnetic field, are not known to the similar precision. These uncertainties vanish to a











where t1 and t2 are the times at which the cyclotron frequencies of two different ion species
are alternately measured. The ratio q1/q2 is a rational number due to the quantization of
charge, and within this thesis it is equal to unity since only single charged ions were used. If
the two cyclotron frequencies are measured at the same time, i.e. t1 = t2, the magnetic-field







The frequency ratio R can be used for the determination of the atomic mass differences.
Thus, the mass of a singly charged ion is
mion = M −me +Be, (4.12)
where M is the mass of the neutral atom and Be is the binding energy of the valence electron.
Thus, the mass difference between two atoms − the Q-value − can be expressed as
Q = M1 −M2 = (M2 −me)(R− 1) +R ·B2 −B1. (4.13)
The difference in electron binding energies of valence electrons is in the order of a few eV or
even below, and hence the last two summands in Eq. (4.13) can be neglected at the present
limit of precision. Then the expression (4.13) is reduced to
Q ≡M1 −M2 = (M2 −me)(R− 1), (4.14)



















Besides the Q-value, the frequency ratio R = νrefc /νc can be used for the absolute atomic




(Mref −me) +me. (4.16)
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In this case both the uncertainty of the atomic mass of the reference ion δMref and the
uncertainty of the frequency ratio R equally contribute to the uncertainty of the mass



















Ideally 12C or its clusters should be used as a reference ions due to the direct connection
to the definition of the atomic mass unit [85]. Commonly, 133Cs is used as the reference
owing to its well known mass and the simplicity of the ion production. Nevertheless, the
reference ion should have the closest mass to the ion of interest as possible, otherwise
the systematic error due to the mass dependent frequency shifts may have the dominant
contribution to the total error budget [86].
4.3 The real Penning trap
Equations (4.5)−(4.8) describe the undisturbed motion of a single particle in an ideal
Penning trap, where eigenfrequencies are totally decоupled and dependent only on the
dimension of the trap, the electric and magnetic field strengths, the mass m and charge q of
the stored particle. However, this explanation turns out to be too simple for a real Penning
trap, where several deviatiоns from the ideal geоmetry due to the field inhomogeneities,
field instabilities, axes misalignment and other imperfections have to be taken into account.
The imperfections lead to systematic shifts of the ion frequencies. All the shifts have to be
estimated and, if necessary, corrected for. The uncertainties in the shift corrections give
rise to the systematic error of the measurement, which in some cases may fundamentally
limit the final precision of the mass measurements.
In general, the source of the systematic shifts of the eigenfrequencies can be either common
for all Penning traps (e.g. inhomogeneity of the B-field or anharmonicity of the E-field),
or dependent on the used detection technique. In this section only the common sources of
the systematic shifts are highlighted, whereas effects specific to the used detection method
can be found in the corresponding sections of Chapter 5 and 6.
4.3.1 Magnetic field fluctuations
According to Eq. (4.10) the magnetic-field ratio cancels out only if the two cyclotron
frequencies are measured exactly at the same time t1 = t2 = t. The Shiptrap [87] and
Isoltrap [88] spectrometers are not capable of that, therefore the magnetic-field ratio doesn’t
cancel out and leads to a shift in the inferred mass ratio. The resulting uncertainty strongly
depends on the actual temporal fluctuations of the magnetic field. The effects responsible for
irregular changes of the magnetic field of a superconducting magnet are the following:
1. Every material is magnetic to some extend. The magnetic permeability of a material is
temperature dependent. Therefore, the magnetic field dependents on the temperature
of the materials surrounding the superconducting coil.
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2. The boiling point and consequently the temperature of the liquid helium depends on
the pressure. The temperature of a material which is in direct contact with the liquid
helium depends on the pressure. Hence, the magnetic field depends on the pressure in
the helium reservoir.
3. Ferromagnetic materials moving around or brought close to the superconducting magnet
disturb the field.
4. The magnetic field steadily decays due to the reduction of the current circling in the
superconducting coil (flux creep phenomenon [89]).
The first effect can be minimized by the temperature stabilization of the experimental hall or
at least of the volume between the magnet bore and the vacuum tube. The second effect can
be minimized by the stabilization of the pressure in the helium reservoir of the magnet. It is
clear how to avoid the influence of the third effect, however the fourth effect being the feature
of the superconductivity can not be controlled. The influence of the total residual magnetic
field fluctuations on the frequency measurements can be further minimized by measuring
in as short time intervals as possible and alternating between the ion species. In order to
extract the frequency ratio R from alternating measurements, either a linear or polynomial
interpolation method can be applied, which are described in the following subsections.
Linear interpolation method
In the linear interpolation method it is assumed that the magnetic field between two
measurements can be well approximated by the linear function. Thus, the cyclotron frequency
νc2(ta) of the reference ion at the time ta when the cyclotron frequency ν ′c1(ta) of the ion
of interest was measured is given by (see Fig. 4.3(a))







where tb and tc are the measurement times of the ion of interest. The single ratio Ri(ta)



















with δνc2 denoting the measurement uncertainty of the ion «2», and δν ′c1 the total uncertainty














Non-linear fluctuations of the cyclotron frequencies are not covered within the linear
interpolation. However, if such deviations are known as a function of time, they can in
principle be taken into account by an additional non-linear uncertainty added quadratically.









Figure 4.3: (a) Schematic diagram of the interpolation method. The frequency of the reference
ion «2» measured at times tb and tc is linearly interpolated to the measurement time ta, at
which the ion of interest «1» is measured, and then the single ratio Ri is calculated. (b)







i are simultaneously fitted to the frequency data sets of the ion «1» and ion
«2», and then the frequency ratio R being the fit parameter is directly extracted from the fit.
Polynomial method
An alternative way of the frequency ratio R determination from the alternating measure-










i and P2(t) = R · P1(t) as shown in Fig. 4.3(b). The advantage
of this method over the linear interpolation is that it is less sensitive to random and fast
fluctuations of the magnetic field which may show up as outlying data points. However, the
choice of the order n of the polynomial and the duration of the fitted interval are important.
If n is chosen too low, not all bumps of the long-term drift will be mapped, while a polynomial
with too high order will tend to pin all the random noise and short-term fluctuations on top of
the drift. In the absence of any knowledge concerning the real magnetic-field behavior besides
the measured data points, the choice of the polynomial order is based on the statistical
methods. The options for quantifying the fit quality are, for example, looking at χ2red or
applying the so-called F -test. The detailed description and application of these methods
can be found in [90] and the references therein.
4.3.2 Electrostatic anharmonicities
In a real Penning trap it is technically challenging to perfectly align the axis of the
electrostatic field, defined by the trap electrodes, with the direction of the magnetic field
given by the superconducting magnet. Furthermore, the electrostatic potential is never a
perfect quadrupolar field due to the machining imperfections, the finite length of real trap
electrodes, segmentation of the electrodes for ion manipulation, misalignment of the trap
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electrodes or electrostatic potential offsets. In the presence of such imperfections the harmonic
eigenmotions are no longer independent and become coupled.
The electrostatic potential near the trap center can be written as a fundamental so-











Pi (cos θ) . (4.23)
This solution is cylindrically symmetric because the angular variable ϕ, which is the same for
spherical and cylindrical coordinates, is absent. Hence, due to the cylindrical rather than

















Since the cylindrical electrodes have reflection symmetry across the z = 0 plane, the potential
φ(r, z) must be even in z, and as a result the coefficients Ci in Eq. (4.23) and Eq. (4.24)
are non-zero only for even values of i, and zero for odd i. Thus, for clarity a first few




































The dimensionless coefficients Ci are the pure functions of the electrode geometry and the
applied voltages, which directly classify the anharmonicities within a real trap. In a real
trap, higher-order coefficients such as C4, C6 and C8 (octupole, dodecapole and hexadecapole
components of the potential) are present, which is commonly undesirable since their presence
makes the oscillation frequencies of confined particles energy-dependent and consequently
oscillation amplitude dependent [92]. The value of the corresponding frequency shift is
proportional to the expansion coefficients, where the largest contribution usually comes via a
non-zero C4. In a real cylindrical Penning trap, C4 and C6 will certainly have non-zero values
because of the cylindrical shape of the electrodes, machining imperfections, misalignments
and so forth. In precision measurements, it is necessary to remove higher-order coefficients so
that frequencies remain independent from the oscillation amplitudes to a large extend. One
method to eliminate these anharmonicities is to properly choose the trap geometry, whereas
the fine-tuning can be done “on-line” by setting up appropriate potentials on compensation
electrodes while detecting the ion’s signal.
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4.4 Ion manipulation and detection
For high-precision mass measurements, the preparation of a pure ion cloud of only a single
species, cooling of the ion motions, and the determination of the free cyclotron frequency is
essential. At Shiptrap and Isoltrap, the main technique for the ion cloud preparation is
the mass-selective buffer gas cooling, while for the free cyclotron frequency determination
either the ToF-ICR (Time-of-Flight Ion Cyclotron Resonance) or PI-ICR (Phase Imaging
Ion Cyclotron Resonance) detection is used.
4.4.1 Buffer-gas cooling technique
The axial motion of an ion in a Penning trap as well as the reduced cyclotron motion can
be damped by collisions with a neutral buffer gas. To avoid charge exchange processes, a
noble gas, mainly purified helium, is used. At low collision energies of less than a few eV
the interaction is dominated by a long-range interaction of an ion with a buffer-gas atom,
which is polarized by the ion. This can be described by a viscous-drag model. A detailed
description of damping effects in Penning traps can be found in [93, 94]. Here only the
main conclusions are highlighted.
A damping force which acts on the ion with mass m and velocity v in the viscous-
drag model is
F = −2mγv, (4.26)
where the damping coefficient γ derives from the ion mobility K as 2mγ = q/K. By applying
a quadrupolar excitation (pi-pulse) at νrf = ν− + ν− in the absence of the damping force
we would observe a periodic interconversion of the radial motion modes (the so-called Rabi
oscillations). In the presence of the damping force F the magnetron motion converts to
the cyclotron motion with a subsequent cooling of the latter, i.e. the cyclotron radius














where g is a coupling constant proportional to the amplitude of the quadrupolar rf-field; γ˜1
is a modified damping constant, which depends on the eigenfrequencies. Figure 4.4 shows
behavior of the rˆ+(t)/rˆ−(0) ratio in comparison to the non-damped pure Rabi oscillations.
Since the interconversion process has a resonance at the νc frequency, which in turn depends
on the charge-to-mass ratio, a reduction of the radii can be done mass selectively. Therefore,
by applying a pi-pulse at the side-band conversion frequency νrf = ν− + ν− = νc with a
certain duration and amplitude, only ions of interest can be well centered and cooled in
the presence of the buffer-gas. The application of this method for the purification of the
ion cloud is described in Sec. 5.2.1.







Figure 4.4: Degree of conversion of magnetron into modified cyclotron energy at exact resonance
frequency νrf = ν− + ν− as a function of time measured in units of the conversion time for the
undamped case, θ = t/τc, where τc is the so-called “conversion time”. In the absence of damping
there is periodically full conversion and reconversion (dotted line), with damping the maxima
are decreasing roughly exponentially (dash-dot line). Shown are curves for γ/g = 0.1 (solid
line) and for γ/g = 0.3 (dashed line). The figure is reproduced from [93].
The ion cloud radial distribution can be described by the probability density function.











where mion is the mass of an ion; T is the temperature of the buffer-gas. Thus the ultimate
cooling performance is defined by the ion properties m and q, the strength of the magnetic
field B and the temperature of the buffer-gas. For example, for 133Cs+ ions in a 7 Tesla
magnetic field at room temperature buffer-gas the FWHM of their spatial radial distribution
would be W ≈ 90µm.
4.4.2 ToF-ICR technique
The Time-of-Flight Ion-Cyclotron-Resonance (ToF-ICR) detection technique is based on
the measurement of the flight time of ions between the moments of ejection from the trap
and hitting the detector (see Fig. 4.5). Being introduced in 1980 for proton-to-electron mass
ratio determination [96] this technique was widely used for mass measurements of radioactive
nuclides in Penning traps at many accelerator based facilities.
The ToF-ICR technique utilizes the orbital magnetic moment conservation low. The
angular magnetic moment µ of an ion in the Penning trap is given by
µ = −piq (rˆ2+ν+ + rˆ2−ν−) ez, (4.29)
where rˆ+ and rˆ− are the amplitudes of the corresponding radial motions. When the ion
is ejected from the trap its magnetic moment interacts with the magnetic field gradient





= −µ · δB
δz
. (4.30)








Figure 4.5: Schematic of the experimental setup for the TOF-ICR technique. The ions are
ejected from the trap towards the detector through a magnetic field gradient (red line) in the
drift section. In order to promote the adiabatic conversion of the radial into the axial ion energy
the ions are slowed down in the magnetic field gradient by correspondingly applied electric
potential (blue line) in the drift section.
Since the total energy of the ion motion has to be conserved, radial energy is converted into
axial energy when the ion is ejected from the trap to a region with the vanishing magnetic
field. It is worth noting, that Eq. (4.30), however, holds only if motion of the ion through
the gradient of the magnetic field is performed adiabatically, i.e., slowly enough for the
complete conversion of the radial into the axial ion energy1 (see Fig. 4.5). Including the
Coulomb force acting on the ion in a presence of electric potential V (z) in the drift section,






Etot(Er)− qV (z)− µ(Er)B(z)dz, (4.31)
where Etot = Er + Ez is the total ion energy in the trap, V (z) and B(z) are the electric
and magnetic fields along the ion path from the trap to the detector located at the position
zdet. With good approximation of ν+  ν−, the radial kinetic energy is given by Er ≈ µB.
Therefore, as can be seen from Eq. (4.31) the time of flight depends on Er, which in turn
depends on the magnetic moment µ. Using this dependence, the measurement principle of
the free cyclotron frequency of an ion is the following. After all the ion eigenmotions are
cooled the magnetron motion is excited to a radius rˆ− by applying the dipolar excitation at
ν−. Consequently, the quadrupolar νrf pulse during a time Trf is applied. For the resonant





where Arf is the amplitude of the rf-pulse, the slow magnetron motion is fully converted into
the fast cyclotron motion and, thus, the radial kinetic energy Er is maximized [97]. For
non-resonant excitation with the detuning δ = νc − νrf, the conversion of the motions is
1Practically, in order to ensure this requirement the applied voltage profile on the extraction electrodes is
set in such a way that the ion is slowed down in the strongest gradient of the magnetic field.
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incomplete (see Fig. 4.6(a)). By sweeping the applied conversion frequency νrf near νc and
registering the time of flight of the ions, one can acquire the resonance spectrum. The center
of the global resonance corresponds to νc. The typical ToF resonance is shown in Fig. 4.6(b).
Figure 4.6: (a) Radial energy at the end of the quadrupolar excitation as a function of the
detuning parameter δ. (b) Resulting time-of-flight spectrum t(Er). (c) Time-of-flight spectrum
for the Ramsey type excitation scheme (for details see text). The times given here are arbitrary.
Apart from the quadrupolar excitation with a single pulse it is also possible to convert
radial modes using two or more pulses doing a so-called Ramsey excitation scheme [98, 99].
The single excitation pulse with the duration Trf and amplitude Arf is replaced by two pulses
with the duration τrf and amplitude arf separated by a waiting time τ0, while the the total
power of applied excitation is kept constant, i.e. TrfArf = 2τrfarf. This elegant method reduces
the line-width of the ToF resonance and makes the sidebands more pronounced and steeper
(see Fig. 4.6(c)), improving the precision of the νc determination up to a factor three [100].
4.4.3 PI-ICR technique
Similar to the ToF-ICR technique, in the novel PI-ICR method the free cyclotron frequency
νc is measured as the sideband coupling frequency, i.e. νc = ν+ + ν−. The PI-ICR technique
uses direct observation of the ion’s radial motions on a high-resolution position-sensitive
detector: a MCP with the delay line anode (shortly DLD − Delay Line Detector). Precisely
speaking, νc is determined by measuring the phases of ν− and ν+ ion motion, accumulated after
a given phase-accumulation time. Additionally, the possibility of independent observation of
both ν− and ν+ radial motions provides a beneficial tool for the tuning and characterization
of the Penning trap.
The PI-ICR method offers a simultaneous increase in resolving power by a factor 40 and
in precision by a factor 5 as compared to the ToF-ICR technique with the Ramsey excitation
scheme [95]. Furthermore, the PI-ICR technique is faster, thus, in principle, allowing for
mass measurements on nuclides with shorter half-lives than those which are accessible for
the ToF-ICR detection. Actually, every Penning-trap mass spectrometer which utilizes
the ToF-ICR technique can be readily upgraded up to PI-ICR technique by replacing the
conventional MCP detector with an ion detector with position sensitivity.
For the radial frequencies determination the ion motion is projected onto the DLD by
ejecting the ions from the trap and letting them hit the detector. The projection of the
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ion motion on the detector is magnified by a factor G relative to the actual scale of the
ion motions in the trap. The magnification factor G in the absence of an electric field can
be estimated by using the Gauss’s flux law:
G ≈
√
Btrapz /Bdetz , (4.33)
where Btrapz and Bdetz are the axial components of the magnetic field in the trap and at the
detector, respectively. Due to different kinds of misalignments and displacements the projec-
tion of the trap motion onto the detector is not only magnified, but also shifted and distorted.
These effects and their impacts on the frequency determination have to be considered in the
real experiment (see Sec. 5.4). In this section, for the sake of simplicity, only the basic idea of
the PI-ICR method is described for the ideal case of the non-distorted projection.
Individual determination of the radial frequencies
Let us assume that the ions in the measurement trap are already well cooled, and hence
are prepared at the center of the trap with the FWHM of their spatial distribution 2∆r
defined by the cooling performance in the preparation trap (see Sec. 4.4.1). By applying a
dipolar rf-pulse νrf at the corresponding frequency ν− or ν+ the ions are radially excited1
to an average radius ρ and the initial phase is set. After a time t of the free evolution the
radial ion motion is in its final phase and the total accumulated phase is ϕ+ 2pin = 2piνt,
where ϕ is the polar angle between initial and final phases, as shown in Fig. 4.7, n is the
number of full revolutions, and ν is the radial frequency (either ν− or ν+). Thus, if time t is
relatively short, then the number of performed full revolutions n can be reliably calculated,
and by taking into account the measured phase ϕ, the trap frequency can be determined.
Gradually increasing the phase-accumulation time t and controlling the number of revolutions
n, the precision of the radial frequency determination can reach its ultimate value, where
fluctuations of the magnetic and/or electric fields become dominant limiting factor.
Excitation-pulse schemes for the measurement of the magnetron ν− and the modified
cyclotron ν+ frequencies are presented in Fig. 4.8 (left) and (right), respectively. Magnetron
frequency measurement is the easiest case. First, a well cooled ion of interest is injected into
the measurement trap. Due to some misalignment of the traps axis, after the transportation
the ions may get non-negligible initial magnetron radius. However, for magnetron frequency
measurement it is irrelevant, because this motion is anyway subsequently excited by the
dipolar rf-pulse. After the excitation the ion is ejected and its reference phase is detected.
For the final phase determination, the injection and excitation steps are the same, but
now ejection and detection of the ion is done after some free phase-accumulation time t.
Thus, the difference between reference and final phases is ϕ−, while the total accumulated
phase is ϕ− + 2pin = 2piν−t.
1By increasing radius of the magnetron motion the ions, actually, loose their energy since it is the
metastable motion around an electric potential hill, while increasing radius of the cyclotron motion is indeed
increases the ion energy and they get excited. However, by agreement in the Penning-trap community, if the
amplitude of any trap motion is increased then it is simply said that the ions are got excited.









Figure 4.7: Projection of the radial ion motions in a Penning trap onto the position sensitive
detector. The trap-center image is for the well-cooled radial motions of both coherent and
incoherent components. The reference phase is the image of the radially excited coherent ion
motion, whereas and the final phase is the phase-image of the same motion, but after a phase
accumulation time t. For more details see text.
Measurement of the modified cyclotron frequency requires more steps. First, after the
injection into the measurement trap the initial magnetron motion has to be damped (see
Sec. 5.2.2), otherwise its presence will systematically shift the measured ν+ frequency. In
the next step the modified cyclotron motion is excitation by rf-pulse at ν+. Then, before
the extraction the fast cyclotron motion is converted into the slow magnetron motion via a
quadrupolar rf-pulse at the cyclotron frequency1. A direct projection of the cyclotron motion
is possible but results in a substantial angular spread on the detector due to the time-of-flight
distribution of the ions2. Finally, just after the ν+ motion is fully converted into ν−, the
ions are ejected and the reference phase is detected. For the final phase detection the ions
undergo the same manipulations as for the reference phase, but now the conversion pulse
is delayed, setting up the phase-accumulation time t. Hence, the total accumulated phase
is ϕ+ + 2pin = 2piν+t from where the ν+ frequency can be calculated.
For the trap-center image (1) the initial magnetron motion of the injected ions have
to be damped and (2) the delay of ejection pulse have to scanned over the period of the
magnetron motion in order to average out its remnants. Practically, the position of the
trap-center image is stable enough and can be measured only once per day. The reference
phase should also be stable and can be measured occasionally. The position of the final phase
is the only quantity which has to be constantly measured. The sequentially measured both
1Note that the conversion of the modified cyclotron into magnetron motion preserves the modulus of the
angle ϕ between the reference and the final phase of the corresponding motions although flips the sign of the
angle.
2The smearing of the ToF peak is caused by the energy distribution of the ion’s axial motion in the trap.
The typical FWHM of the ToF peak is a few hundred ns, which is comparable to the period of modified
cyclotron motion of heavy singly charged ions
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Figure 4.8: Excitation-pulse scheme for the independent measurement of the magnetron (left)
and modified cyclotron (right) frequencies. For details see text.
radial frequencies ν− and ν+ can result in the free cyclotron frequency as νc = ν− + ν+. This
approach, however, is less accurate compare to the one described in the following section
Sec. 4.4.3. Instead, the direct radial frequencies measurements can be used, for example, for
the harmonization of the trap potential (see Sec. 5.2.3), or for the temporal stability test
of the voltage supplies for the trap electrodes.
Direct measurement of νc
Instead of summing the independently measured values of ν− and ν+, the alternative
scheme presented in Fig. 4.10 allows the direct determination of the free cyclotron frequency
νc. The excitation-pulse scheme consists of two patterns: the first one measures the so-called
“magnetron phase” (ν−-image), the second one – the “cyclotron phase” (ν+-image). These
phases are depicted in Fig.4.9. The names are given after the dominant motion in each
pattern. Indeed, in «pattern 1» after the conversion pulse the ions perform magnetron motion
until the ejection, while in «pattern 2» they perform mostly the modified cyclotron motion
because the conversion pulse is applied just before the ejection.
By applying the excitation-pulse scheme shown in Fig. 4.10, the relative phases α± of
the corresponding radial motions are
α± = ±(2pin± − 2piν±t±) + α0, (4.34)
where t± is the phase accumulation time of either ν+ or ν− motion, α0 is some initial phase,
and the phases α± are depicted in Fig. 4.9. Note, that the phases α+ and α− in Eq. (4.34)
have opposite signs since the conversion of the modified cyclotron into magnetron motion
flips the sign of the angle. Next, summing up phases α− and α+ with the assumption
t− = t+ ≡ t and taking into account Eq. (4.7) we finally derive the equation for the free
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trap-center image
-phase image -phase image
trap-center image
cyclotron frequency determination
Figure 4.9: Projection of the radial ion motions in a Penning trap onto the position sensitive
detector. The trap-center image is for the well-cooled radial motions of both coherent and
incoherent components. The ν−- and ν+-phase images can be obtained if pattern 1 and pattern 2
in Fig. 4.10 are respectively applied. For more details see text.
cyclotron frequency determination
νc =




αc = α− − α+. (4.36)
Thus, νc frequency can be calculated by using Eq. (4.35) if the angle αc is experimentally
measured, while the number of full revolutions n± and the phase-accumulation time t
are manually set.
injection pulse
ejection pulse and phase detection
dipole excitation at
-pulse at




accumulation time accumulation time
paern 1 paern 2
magnetron phase cyclotron phase
Figure 4.10: Excitation-pulse scheme for the direct measurement of νc. For details see text.
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Figure 4.11: Projections of the position of 133Cs+ ions for several phases (a) of the magnetron
motion and (b) of the cyclotron motion after its conversion with pi-pulse. (c) Direct projection
of the cyclotron motion with a certain phase onto the detector (FWHM of the ion’s ToF
distribution is 500 ns). (d) Direct projection of the radial-ion motion with non-zero magnetron
and cyclotron radii for four phases of the magnetron motion.

5. The Penning-trap mass spectrometer
Shiptrap
The Shiptrap mass spectrometer is the first Penning-trap installation for high-preci-
sion experiments of fusion-evaporation residuals. Though Shiptrap can investigate all
neutron-deficient nuclides throughout the nuclear chart, this installation is targeted mainly
to transuranium nuclides including superheavy elements. Shiptrap was named after the
Separator for Heavy Ion reaction Products (SHIP) facility, which is world-wide well known
for the discovery of super-heavy elements [101, 102]. A detailed description of the whole
project and its achievements can be found in [87, 103]. Here, only a part of the facility
which is relevant to the current measurements, namely «off-line Shiptrap», is presented.
The off-line part of the facility consists of a station with the ion sources for production of
singly charged ions from neutral species in various chemical forms, and of the heart of the
system − the Penning-trap mass spectrometer.
5.1 Ion source
Singly charged ions are produced in a laser-ablation ion source [104] by irradiating the
sample on a rotatable holder using a pulsed laser beam (see Fig. 5.1). The nuclides under
investigation have to be virtually stable and must be provided in a sufficient amount. The
mass differences of the considered isobaric pairs are so small that the parent and daughter ions
can not be fully resolved even in the measurement trap. Therefore, in order to avoid systematic
shifts of the cyclotron frequency due to the simultaneous presence of ions of different sorts in
the measurement trap, the samples fixed on the sample holder are diametrically separated
by about 2 cm. The used frequency-doubled Nd:YAG laser (532 nm) has an intrinsic pulse
duration of 3-5 ns, while the pulse energy, which is typically in the range of 4-12 mJ, can be
controlled remotely. The laser beam is focused by a telescopic lens system to a diameter of a
millimeter at the sample, where the material is ionized after the laser induced desorption
and fragmentation. The produced ions are mostly singly charged, higher charge states have
never been observed at Shiptrap in the off-line mode.
A commercial surface ionization ion source is used to produce 133Cs+ ions for test
measurements. The advantage of this ion source is the reliability and stability. Unlike
the laser ion source, where for the ion production a few parameters have to be properly
optimized, the surface ion source has only a single parameter - the heating current. Moreover,
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the count-rate of the surface ion source is more stable, what substantially helps for the
optimization of the Penning-trap system.
The series of electrostatic electrodes and Einzel lenses transport the ions from the
ion sources towards the Penning-trap mass spectrometer, as shown in Fig. 5.1. For the
optimization of these transport sections a conventional micro-channel plate (MCP) detector,
which can be placed in front of the entrance to the first trap, is used. When optimization
of the transport section is done the MCP is replaced by the Einzel lens and the ions can
fly further towards the traps. The acceptance of the first preparation trap (PT) is limited
by its geometry, thus for the optimization of the injection section all the trap potentials
are set to the “open” mode (indicated by the red line in Fig. 5.2) such that the ions can
freely fly through the traps and be detected on the last MCP detector. The existence of the
diaphragm between the two traps ensures that if the count-rate on the detector is maximized,




















Figure 5.1: Schematics of the ion production section (not to scale). It consists of the laser
ablation and the caesium-133 surface ionization ion sources together with the downstream first
diagnostics unit.
5.2 Penning-trap system
The Penning-trap mass spectrometer has two cylindrical Penning traps: the preparation
trap (PT) and the measurement trap (MT). They are placed in a magnetic field of 7 T
created by a superconducting magnet (see Fig. 5.2). The traps are separated by a diaphragm
with an inner diameter of 3 mm and a length of 52 mm. The geometry of the preparation
trap was chosen in such a way as to maximize the capture efficiency. Thus, the ring electrode
of the PT has a width of 18.5 mm in comparison with a 4.7 mm width of the MT ring
electrode. The inner diameter of both traps is 32 mm.
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Figure 5.2: Middle: schematic picture of the Penning-trap tandem at Shiptrap. A 7-pole
preparation trap (PT) with a wide central ring in order to maximize the capture efficiency, and
a 5-pole measurement trap (MT) with the narrow ring and an orthogonal geometry. Traps are
separated by a thin diaphragm and set according to the position of two homogeneous regions of
a 7 T magnetic field (bottom). Voltages applied to the electrodes are shown on top. They are
switched between closed and open configuration for a few tens of µs for: injection into the PT
(dashed lines), transport from the PT to MT (solid lines), ejection from the MT towards the
detector (dash-dotted lines).
5.2.1 Buffer-gas cooling in the preparation trap
The working principle of buffer-gas cooling technique is described in Sec. 4.4.1. The
detailed characterization and optimization of the cooling procedure in the preparation trap
during its commissioning phase is described in [105] using, however, a conventional MCP
as the ion detector. The conventional MCP doesn’t allow the direct test of the ion’s radial
spatial distribution. Therefore, in this case the mass-selective cooling is mostly dedicated to
the isobaric separation with the resolving power of about 105 [106]. The general realisation
of the buffer-gas cooling technique in a Penning trap can be found, for example, in [107, 108].
The recently invented PI-ICR method is based on the observation of the radial ion motion
and, thus, the cooling performance is the key characteristics, which directly affects on the
resolution and precision of the νc measurements. Therefore, the main steps in optimization of
the buffer-gas cooling technique using a position sensitive micro-channel plate detector with
the delay line anode (shortly the delay line detector − DLD) are highlighted in the following.
By applying a sequence of rf-pulses to the ring electrode, only ions of a certain mass
are cooled and well centered and, when extracted, are able to pass through the diaphragm
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(see Fig. 5.2). On one hand, the diaphragm makes the mass-selective cooling possible. On
the other hand, it significantly reduces the buffer-gas flow from the PT into MT, where
as low as possible pressure, typically below 10−7 mbar, is required. The cross section of
the ring electrode with the corresponding lines for the rf-signals is schematically shown in
Fig. 5.3(a). This is the minimal configuration to perform the buffer-gas cooling: an rf-signal
at ν− frequency is applied to one segment of the ring electrode making a dipolar excitation
(Fig. 5.3(b)), while a quadrupolar signal is formed by applying an rf-signal at νc frequency
to the other two opposite segments. The latter rf-pulse converts the magnetron to the
modified cyclotron motion. The radial ion motion during the cooling process is schematically
shown in Fig. 5.3(c). To avoid charge exchange processes and ion loses a 99.9998% purified
helium at a typical pressure of a few 10−4 mbar is used as a buffer-gas. For even better
purification the gas feeding line goes through a vessel filled with liquid nitrogen, where some
contaminants are frozen out. To control the helium flow injected into the PT a fine-dosing
valve (Pfeiffer EVR 116) is used.
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rf-pulse at      (excitation)
Figure 5.3: Transverse cut of a four-fold segmented ring electrode. (a) The minimal RF pulses
configuration to perform the buffer-gas cooling technique in a Penning trap. (b) Magnetron
excitation of initially centered ions to a certain radius. (c) Mass selective conversion of the slow
ν− motion to the fast ν+ motion with consequent damping of the latter one in the buffer-gas.
During the optimization of the cooling procedure the ions are ejected from the PT and
directly projected onto the DLD, while the MT is always kept open. Only cycles with ≤ 5
ions per shot are taken into account, otherwise the repulsion Coulomb force between the ions
starts affecting their spatial distribution. Repeating the cycle and acquiring the statistics,
the full width at a half maximum (FWHM) of the projection, which we call the “center spot”,
can be derived. Fig. 5.4 shows a typical radial spatial distribution of 133Cs+ ions after the
well-optimized cooling procedure. The spot has roughly 2 × 2 mm2 size and is positioned
approximately in the center of the detector, which is 40 mm in diameter. The actual size of the
center spot depends on the cooling performance and the magnification factor G. At Shiptrap
the estimated magnification factor according to Eq. (4.33) is G ≈ 21, whereas the minimal
width of the cooled 133Cs+ ions according to Eq. (4.28) is W ≈ 90 µm. Thus, the intrinsic
FWHM of the center spot on the detector at Shiptrap is indeed 21× 0.09 mm ≈ 2 mm.
For the ultimate cooling of the ion motions a few parameters have to be optimized,
starting with the cooling time. At Shiptrap the ion cooling in the PT and the νc frequency
measurement in the MT are performed sequentially. In principle, the ion cooling in the
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Figure 5.4: A typical projection of the cooled 133Cs+ ions (center spot) onto the position
sensitive MCP detector. For visualization of the radial distribution the spot has a bin structure,
and the color-code represents the number of ions per bin. The X- and Y -projections are shown
as the histograms. The Gaussian fit is applied to each projection (red curve) and the FWHM is
derived.
PT and the νc frequency measurement in the MT could be done in parallel, gaining in the
total effective measurement time. However, due to technical limitations it could not be
realized and the procedures were performed sequentially. Thus, one one hand, being only a
preparatory part of the whole measurement cycle, the total cooling time should be as short
as possible. On the other hand, there is a minimum required cooling time1. On the other
hand, the PT and MT are separated only by the diaphragm, therefore the residual pressure
in the MT is strongly correlated with the buffer-gas pressure in the PT. It was found out
that the residual pressure in the MT sets the main limitation to the precision of the mass
measurements at Shiptrap. Thus, the total cooling time and the buffer-gas pressure are
the parameters which have to be well balanced for high-precision mass measurements. The
empirically determined values are the 150− 200 ms of the total cooling time and ≈ 5 · 10−5
mbar pressure of the helium buffer-gas.
The pulse pattern scheme for the cooling procedure is depicted in Fig. 5.5. The rf-pulses
at ν− and νc frequencies are applied simultaneously. It allows a smooth increasing of the
magnetron radius of all the ions except the ions of interest, which are continuously cooled
owing to the mass-selective pi-pulse at νc. Note that in contrast to the conventional cooling
scheme, where these two rf-pulses are applied sequentially, the new approach is more delicate
and, therefore, improves the overall cooling performance.
At a fixed buffer-gas pressure and the total cooling time the parameters to be optimized
are the duration and amplitude of the ν− and νc rf-pulses. The idea of the optimization
1This time is defined by the fact that for the efficient cooling the collision between an ion and a buffer-gas
atom occurs only once per few cyclotron revolutions. Indeed, if the kinematics of two adjacent collisions is
not correlated, then the scattering angle is averaged out and the ion is gradually cooling by losing its energy.








Figure 5.5: Excitation-pulse scheme for the buffer-gas cooling technique. For details see text.
is shown in Fig. 5.6. The additional degree of freedom for the fine-tuning can be added
as the waiting times before and after the rf-pulses. The «waiting time 1» of 5 − 10 ms
helps to pre-cool axial motion and to confine the ions in a smaller, more homogeneous and
harmonic volume. The «waiting time 2» of another 5 − 10 ms finishes the self-cooling of
a residual cyclotron motion. The cooling optimization is considered completed when the











power of the -pulse
the optimum value
Figure 5.6: rf-pulses power optimization for the best cooling performance at a given buffer-gas
pressure. Power of an rf-pulse is the product of its amplitude and duration. Left: the count-rate
on the detector in dependence on the power of the ν−-pulse, while νc-pulse is off. Duration
of the ν−-pulse is ∼ 50% of the total cooling time. The optimum value is the minimal power
when no ion is seen. Right: the FWHM of the spot on the detector in dependence on the power
of the νc-pulse, whereas the optimum ν−-pulse is applied. Duration of the νc-pulse should be
about 90% of the total cooling time.
5.2.2 Ion preparation in the measurement trap
When the ultimate cooling performance is achieved, the ions can be transported from
the PT to the MT. The transfer between the traps doesn’t disturb spatial ion distribution.
However, due to a non-ideal capture timing and non-perfect alignment of the trap axes
relative to each other and to the magnetic field lines, after capturing the ion bunch acquires
a non negligible amplitude of the coherent components of the magnetron and axial motions.
By fine-tuning the transportation timing and the transportation voltages between PT and
MT (see Fig. 5.2) the initial axial motion can be sufficiently minimized. The amplitude of the
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axial motion can be observed by measuring the time of flight from the MT to the detector
within the period of the axial motion. Alternatively, the initial axial motion can be damped
by the rf-pulse at νz frequency with a certain amplitude, duration and phase. At Shiptrap
both approaches work well. In order to minimize initial magnetron motion, the only option is
to apply the damping rf-pulse. The cabling scheme for application of the damping rf-pulses is
shown in Fig. 5.7, while the idea of the ν− and νz damping rf-pulses optimization is depicted
in Fig. 5.8. Duration of the ν− damping rf-pulse didn’t exceed 5 ms. Ultimately, amplitudes
of the coherent ν− and νz components in the trap are minimized down to 0.01 mm and 0.4
mm, respectively. These preparatory steps are required for the reduction to a level well
below 10−10 a possible shift in the cyclotron-frequency ratios due to the inharmonicity of
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Figure 5.7: (a) Side view of the measurement trap with the axial damping line attached to
the correction electrode. (b) Transverse cut of a four-fold segmented ring electrode with the















coincidence of all the phases
Figure 5.8: Minimization of the initial axial and magnetron motions in the MT. Left: time of
flight in dependence on the transportation pulse duration. The optimum duration is when the
amplitude of the oscillation is minimal. Right: phases of the magnetron motion on the PS-MCP.
The damping ν−-pulse has the optimum settings when the magnetron orbit is minimized and
all the phases coincide.
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5.2.3 Harmonization of the trap potential
A visualization of the radial ion motions on the position-sensitive detector offers a simple
method to tune the harmonicity of the trapping potential. In general, the trap frequencies are
functions of the amplitudes of the motions due to a certain inhomogeneity of the magnetic
field in the trap and a deviation of the trapping potential from the quadratic form. At
Shiptrap the magnetron-frequency shift due to the magnetic field inhomogeneity for a
magnetron radius of up to 2 mm is negligible, while the cyclotron-frequency shift does not
exceed 2 mHz [95]. The latter one is not visible on the detector for phase-accumulation
times below 10 s and thus the effect of the magnetic field inhomogeneity on the angular
position of the image spot on the detector can be neglected. Thus, the radial dependence
of ν− and ν+ frequencies is entirely due to the deviation of the electric trapping potential
from the quadratic form. The most significant non-quadratic terms in the series expansion
of the potential are the octupolar C4 and the dodecapolar C6 terms from Eq. (4.25). These
non-quadratic components of the trapping potential result in a distortion of the image spots
for large radial motion amplitudes, what in turn limits the precision of the PI-ICR method.
For harmonization of the trapping potential it is reasonable to use the magnetron motion,
since the cyclotron motion suffers from a substantial smearing due to an ion scattering
on residual-gas molecules for long phase-accumulation times. The C4 and C6 terms of the


















where zˆ, rˆ− and rˆ+ are the amplitudes of the corresponding eigenmotions. Equation (5.1)
is valid when the corresponding amplitudes of the coherent radial motions rˆ+ < 50µm and
rˆ− < 2mm. Practically, harmonization of the trapping potential, i.e. minimization of the
C4 and C6 terms, by adjusting the applied voltages on the correction electrodes of the trap.
The harmonicity can be tested by detecting images of different magnetron radii at a fixed
magnetron phase. The presence of C4 and C6 terms manifests itself as a deviation from
the straight line and the distortion of the projection at large radii. The excitation-pulse
scheme can be taken from Fig. 4.8 for the final phase of the ν− motion. The longer the
phase-accumulation time, the higher the sensitivity to the trapping potential imperfections.
An exemplary harmonization was done in [95] for 1 s phase-accumulation time. After the
harmonization the relative frequency shift ∆ν−/ν− was measured as a function of excitation
amplitude rˆ−. The dependence was fitted by the function
∆ν−/ν− = a0 + a2 · rˆ2− + a4 · rˆ4−, (5.2)
where a0, a4 and a6 are the fit coefficients. The fit yielded a2 = 1.5(20) · 10−6 mm−2
and a4 = −8.3(14) ·10−6 mm−4. By comparing Eq. (5.1) with Eq. (5.2) one can deduce
C4/C2 = −0.0019(6) and C6/C2 = −0.20(3) taking into account the characteristic trap
dimension d = 14.5 mm and the amplitude of the coherent axial motion zˆ = 0.5 mm. The
numerical estimation of the systematic error due to the presence of these residual C4 and
C6 non-quadratic terms can be found in Sec. 5.4.2.
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5.2.4 Cyclotron frequency measurement using PI-ICR
Before the PI-ICR technique for νc determination can be applied a few other things have
to be optimized. First, the radius of the modified cyclotron motion in the trap is increased
to 0.5 mm (it corresponds to 11 mm radius on the detector) in order to set an initial phase.
This dipolar excitation ν+-pulse can be as short as possible provided that the necessary
radius is set. Afterwards, a pi-pulse on the sideband νc = ν+ + ν− frequency is applied for
the cyclotron-to-magnetron motion conversion. The product of the amplitude and duration
(or, shortly, the power) of this pi-pulse has to be optimized to ensure a full conversion. The
conversion is assumed to be full when the image of the resulted phase of the magnetron
motion reaches its intrinsic width, as it was just after the completed cooling in the PT. In
the next step the optimum phase accumulation time should be found. The FWHM of the
cyclotron phase is dictated by the residual gas pressure in the MT. The ion scattering on
the residual gas broadens the ion spatial distribution imposing a strong constraint onto the
achievable precision of the mass measurement at Shiptrap [95]. Therefore, at the cyclotron
radius of rˆ+ ≈ 0.5 mm an optimum phase accumulation time is about 500−700 ms, such that
the FWHM of the cyclotron spot is larger than the magnetron spot by at most a factor 2.
As it was already pointed out, prior to the projection onto the detector, the cyclotron
motion must be converted into magnetron motion by applying a pi-pulse at the cyclotron
frequency νc. Clearly, this shifts the angular position of the image spot by a certain phase.
However, since the difference of the reference and the final phases is measured, this constant
offset cancels out. This is correct only in the ideal case, when the frequency of the pi-pulse
equals the cyclotron frequency νc of the ions at the moment of the conversion and the
amplitude of the pi-pulse remains constant. In reality, 1) the reference and final phases
are measured at different times, 2) the cyclotron frequency νc is changing in time due to
the temporal instability of the magnetic field, 3) radial frequencies fluctuate due to the
temporal instability of the trapping voltage. These effects lead to different phase offsets of the
reference and final phases after the conversion, and thus to an error of the cyclotron-frequency
determination. In order to eliminate this error the phase-accumulation time must be a
multiple of half the period of the free cyclotron motion, as it was proved in [95].
In practice, the phase accumulation time is defined as tlong − tshort = (nlong − nshort)/νf ,
where times tshort = nshort/νf and tlong = nlong/νf are set as the delays prior to the corre-
sponding pi-pulses as shown in Fig. 5.9. The two double-channel function generators (Agilent
33522A) are used to generate ν+- and νc rf-pulses. The cabling scheme is shown in Fig. 5.7.
These function generators (FG) are alternately triggered by the TTL pulse generator (NI FP-
GA-PCI7811R), which is also used to generate all the other necessary trigger pulses, including
injection and ejection pulses. The reason of using Agilent FGs for setting the phase accumu-
lation time is that these devices are an order of magnitude more precise and stable in timing
than the used TTL generator. Number of revolutions nlong and nshort together with the νf
frequency are manually set to the FGs. Thus, when the measurement scheme depicted in
Fig. 5.9 is applied and if νf = νc then the magnetron and cyclotron phases on the detector
should perfectly overlap. In reality νf ≈ νc and (if we don’t miss any revolutions) the angle
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αc (see Fig. 4.9) between these phases is used as a correction factor:
νc =
αc + 2pi(nshort + nlong)
2pi(tshort + tlong)
. (5.3)
The sampling rate of the used FG (Agilent 33522A) is S = 250 MHz, therefore all the delays
can be set in steps of 4 ns. Thus, in order to set the phase-accumulation time in multiple of






where n is the number of full periods and p is an integer number.
The angle αc between magnetron and cyclotron spots should be as small as possible.
There are a few reasons for this condition, which are considered in Sec. 5.4.3. Practically,
the allowed drift of αc is plus-minus a few degrees, and if αc exceeds the acceptable range
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Figure 5.9: Excitation-pulse scheme for the direct measurement of νc. For details see text.
Despite that the initial magnetron motion was damped, to some extend it is still present
in the final magnetron and cyclotron phases, and thus has to be averaged out. For that
the delay of the excitation ν+-pulse (step 3 in Fig. 5.9) is swept within the period of the
magnetron motion. Furthermore, the delay of the ejection pulse is also swept within the
period of the modified cyclotron motion in order to average out the residual ν+-motion
after the conversion pi-pulse (step 4 in Fig. 5.9). The application of this 2D scan is highly
important for the elimination of the systematic uncertainties related to the presence of the
corresponding residual radial motions.
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5.3 Off-line measurement campaign at Shiptrap
As a proof of principle of the newly implemented PI-ICR technique the nonisobaric
pair of 132Xe/ 131Xe has been probed and the result was compared with the literature value
which is entirely based on the FSU-trap measurements [109]. The resulting mass difference
M(132Xe) −M(131Xe) = 930 628 611(29) eV [37, 110] was in excellent agreement with the
FSU’s value 930 628 604(13) eV [109]. The great success in mass difference measurements
of one atomic mass unit imposed strong constraints onto the performance of the PI-ICR
technique, and therefore mass doublet measurements should be even more reliable.
For the β-decay energy measurements, ions of the corresponding isobaric pairs 123Te/ 123Sb,
163Ho/ 163Dy and 187Re/ 187Os were produced with the laser-ablation ion source. In general,
the mass measurement procedure for each of these three cases was identical. The major
difference was in the preparation of the sample for the laser-ablation ion source. Hence, the
setup optimization routine was unified in the previous section and only the unique features
and results of each mass doublet are given in the following dedicated sub-paragraphs.
5.3.1 Mass difference of 187Re− 187Os
The first physics case which was investigated at Shiptrap after the successful commis-
sioning of the newly implemented PI-ICR technique and part of this thesis work was the
β-decay of 187Re. It has the lowest decay energy in the β−-decay sector, and therefore is
one of the best candidates for the neutrino mass determination (see Sec. 2.2.1). Thus, a
direct and precise β-decay energy determination as the mass difference between the parent
187Re and daughter 187Os nuclides is of high importance.
Singly charged ions of 187Re and 187Os were produced with the laser-ablation ion source by
irradiating the corresponding metallic samples of natural rhenium (187Re − natural abundance
63%) and osmium (187Os − natural abundance 2%).
The cyclotron motion was excited to an amplitude of about 0.5 mm (∼ 11 mm on
the detector) and the phase-accumulation time was set to about 700 ms. The cyclotron
frequencies νc of the 187Re+ and 187Os+ ions were measured alternately for several days. The
two examples of a few hour frequency measurements are shown in Fig. 5.10. For the frequency
ratio determination the linear interpolation method described in Sec. 4.3.1 was used. An
exemplary plot of the frequency ratios of the 4-hour measurement period is shown in Fig. 5.11,
where the reference ion was chosen either 187Re or 187Os. For each of the 33 4-hour periods the
weighted mean ratio R4h of the ratios was calculated along with the inner and outer errors (see
Sec. 4.3.1) . Despite the fact that the cyclotron frequencies may slowly drift due to the drift
of the magnetic field as it is shown in Fig. 5.10(b), the frequency ratio stays constant. The
final cyclotron-frequency ratio Rmean is the weighted mean of the R4h ratios (see Fig. 5.12(b)),
where the maximum of the inner and outer errors of the R4h ratios were taken as the weights
to calculate Rmean. The difference between the inner and outer errors does not exceed 10%.
Figure 5.12 shows the frequency ratios of 187Re+ and 187Os+ ions. The fi-
nal mean frequency ratio Rmean, with its statistical and systematic uncertainty is
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Rmean = 1.00000001431(17)stat(9)syst. Using Eq. (4.14) and Eq. (4.15) the mass difference
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Figure 5.10: The two examples of a few hour measurements of νc frequency of the 187Re+ and
187Os+ ions. Plot (a) shows stable behavior of the mean frequencies, whereas plot (b) shows
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Figure 5.11: Single ratios νc(187Os+)/νc(187Re+) of the data taken from Fig. 5.10(b). Either
νc(
187Os+) is linearly interpolated to the measurement time of νc(187Re+) (left plot), or the
other way around (right plot) (see Sec. 4.3.1). Although Fig. 5.10(b) shows the clear drift of
the cyclotron frequencies, this figure verifies that their ratio stays constant. Solid black line
indicates the averaged ratio value, while the shaded area represents its 1σ standard deviation.
5.3.2 Mass difference of 163Ho− 163Dy
The second physics case which was investigated at Shiptrap was 163Ho. It has the lowest
decay energy in electron capture domain being another good candidate for the neutrino
mass determination (see Sec. 2.2.2). Therefore, the direct and precise total decay energy
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Figure 5.12: The cyclotron frequency ratios R4h = νc(187Os+)/νc(187Re+) determined over
the 4-hour measurement intervals. The ratio marked in red is obtained from the data set in
Fig. 5.10(b), showing that even though cyclotron frequencies may drift, the frequency ratio
stays constant. The solid black line and the gray band is the mean value and its 1σ statistical
uncertainty, respectively.
determination as the mass difference between parent 163Ho and daughter 163Dy atoms is
of high importance.
Singly charged ions of 163Ho and 163Dy were produced with the laser-ablation ion source
by irradiating the corresponding metallic samples. For the production of the Dy sample, a
few milligrams of natural Dy in powder form were spread over a 5× 5mm2 titanium substrate.
The nuclide 163Dy is stable and 25% naturally abundant, however 163Ho is radioactive with
a half-life of 4570(25) years and thus first had to be produced in a sufficient amount and
in a high-purity form. The production of 163Ho involved neutron irradiation of an enriched
162Er sample in the high-flux reactor at the Institut Laue-Langevin and the subsequent
electron capture decay of the resulting 163Er (T1/2 = 75 min) into 163Ho. This was followed
by a chemical separation based on ion chromatography optimized to separate neighboring
lanthanides [111]. The resulting 163Ho contained less than 0.4% 163Dy − the only nuclide
that cannot be resolved from 163Ho in the Penning trap and hence can lead to a systematic
uncertainty in the mass difference determination between 163Ho and 163Dy. Finally, the Ho
sample for the laser ion source was prepared by putting a drop of 163Ho nitrate on a titanium
plate and letting it dry. The final Ho sample contained about 1016 atoms of 163Ho .
The cyclotron motion was excited to an amplitude of about 0.7 mm (∼ 15 mm on
the detector) and the phase-accumulation time was set to about 600 ms. The cyclotron
frequencies νc of the 163Dy+ and 163Ho+ ions were measured alternately for many days. An
exemplary 5-hour measurement period of cyclotron frequencies is shown in Fig. 5.13. The
whole cyclotron frequency data set aquired during the measurement campaign was divided into
34 approximately 5-hour intervals. For each of them the ratio R5h of the cyclotron frequencies
νc of the 163Dy+ and 163Ho+ ions was obtained along with the inner and outer errors [112] by a
simultaneous fit of a fifth-order polynomial to the frequency data set, as described in Sec. 4.3.1.










Figure 5.13: An exemplary 5-hour measurement period of the cyclotron frequencies νc of
the 163Dy+ and 163Ho+ ions. The ratio R5h of the cyclotron frequencies νc of the 163Dy+
and 163Ho+ ions was obtained along with the inner and outer errors by fitting to the 163Ho+
frequency points a fifth order polynomial P1(t) and to the 163Dy+ frequency points a polynomial
P2(t) = R5hP1(t).
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Figure 5.14: The cyclotron frequency ratios R5h = νc(163Dy+)/νc(163Ho+) determined over
the 5-hour measurement intervals. The solid black line and the gray band is the mean value
and its 1σ statistical uncertainty, respectively.
Figure 5.14 shows the frequency ratios of 163Ho+ and 163Dy+ ions. The final
mean frequency ratio Rmean, with its statistical and systematic uncertainty is Rmean =
1.00000001867(20)stat(10)syst. Note that this value already accounts for the systematic shift
due to the possible contamination of the 163Ho sample by 163Dy atoms. As mentioned above
the contamination was estimated to be < 0.4%. In case of unresolved admixture of 163Dy
ions during the cyclotron-frequency measurement of 163Ho the experimentally measured




(1− x)·νc(163Ho) + x·νc(163Dy)
=
Rtrue
(1− x) + xRtrue , (5.5)
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Thus, in case of x = 0.4% fraction of 163Dy atoms in the 163Ho sample, the cyclotron-frequency
ratio should be shifted only by Rtrue−Rexp = 7.5·10−11, which is actually well within the total
statistical error of 2·10−10. Ultimately, using Eq. (4.14) and Eq. (4.15) the mass difference
between 163Ho and 163Dy atoms is Q = 2.833(30)stat(15)syst keV [38].
5.3.3 Mass difference of 123Te− 123Sb
The third pair which was measured within the off-line campaign at Shiptrap and as
part of this thesis is 123Te− 123Sb. Nuclide 123Te has a low decay energy of about 50 keV and
is involved in the astrophysical s-process. Due to the effects described in Sec. 3.2 its stellar
half-life can drastically differ from the terrestrial one, what in turn may have an affect on the
s-process local path. The decay energy of 123Te has never been measured directly, however
its accurate (rather then precise) value is necessary for the stellar half-life estimation.
For the production of the Sb-sample, a piece of natural Sb in metallic crystal form was
used. Since the natural abundance of 123Te is only 0.9% a few milligrams of enriched metallic
powder with over 70% enrichment of 123Te was compressed into a pellet with a diameter
of 2 mm to assure sufficiently high ion production.
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Figure 5.15: The cyclotron frequency ratios R4h = νc(123Sb+)/νc(123Te+). The solid lines
and the shaded bands are the average ratios and its 1σ statistical uncertainties for either the
linear interpolation method (red) or the polynomial fitting method (gray), respectively. Both
methods give a consistent results.
The cyclotron motion was excited to an amplitude of about 0.7 mm (∼ 15 mm on
the detector) and the phase-accumulation time was set to about 450 ms. In Fig. 5.15 the
cyclotron-frequency ratios R4h are shown for the entire measurement period. During the
measurement campaign five 4-hour measurements were performed and statistically averaged.
5.4. Data evaluation 62
Each R4h value was calculated by using either the polynomial fitting method (grey squares)
or the linear interpolation method (red circles). It can be seen that the obtained averaged
ratios well agree with each other. Moreover, the individual ratios R4h all agree within error
bars (1 sigma of standard deviation). The polynomial method was the method of choice for
the final result since it is more robust to the drift (long-term fluctuations) of the magnetic
field. Thus, the mean frequency ratio Rmean with its statistical and systematic uncertainty is
Rmean = 1.00000045344(52)stat(26)syst. Using Eq. (4.14) and Eq. (4.15) the mass difference
between 123Te and 127Sb atoms is Q = 51.912(60)stat(30)syst keV [113].
5.4 Data evaluation
5.4.1 Data filtering
In order to suppress the noise signals or the number of undesired events it is important to
carefully filter the data the PI-ICR method produces. The dominant source of the noise signals
are the dark noise of the MCP and, if the mass-selective buffer-gas cooling doesn’t perform
well, the contaminant ions. Moreover, the signal produced by the ions of interest sometimes
may have atypical signatures, i.e. the significant deviation of the ion signal from the mean
values in a time or coordinate domain. All these irrelevant signals should be filtered out.
The signals from the DLD detector are read out by the time-to-digital converter (TDC)
Cronologic HPTDC8-PC. The TDC produces a string with the channel number and the time
of the signal arrival. In total there are 5 signal cables coming from the DLD to the TDC: 4
delay-line signals and 1 MCP signal. An event is considered as an ion when all 4 delay-line
signals come within (-25 ns, 75 ns) interval relative to the MCP signal. Another signal which
is read out by the TDC is the trigger signal which is used for the ion ejection. Thus, after
the data sorting every ion (event) is assigned with an array A = (x1, x2, y1, y2, t0) of the
time-stamps, where t0 is the time of flight of the ion from the trap to the MCP detector,
whereas x1, x2, y1 and y2 are the signal arrival times at both ends of each parallel-pair
delay-line, for each of two perpendicular independent layers, which are located just behind
the MCP. The differences (x1 − x2) and (y1 − y2) between the signal arrival times at the
adjacent ends of each delay-line are proportional to the position on the MCP in the respective
dimensions. The sums (x1 + x2) and (y1 + y2) of these arrival times have a certain intrinsic
distribution. Thus, after evaluation of these arrays one can deduce the calibration, the ToF
and the X-Y ion spectra. Then, the coordinates of the image spots in X-Y spectra can be
extracted after applying certain window functions to the data. The used window functions are:
1. Calibration window. It sets gates for (x1 + x2) and (y1 + y2) sums.
2. ToF window. The detected ions have the time-of-flight distribution. Each magnetron
or cyclotron spot is assigned with its ToF spectrum.
3. X-Y window. The window is the circle around the spot center.
These window functions are listed according to their seniority, such that the calibration
window affects both ToF and X-Y spectra, while the ToF window affects only the X-Y spectra.
The maximum likelihood method is used to determine the mean value and dispersion (σ −
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the standard deviation) of the calibration, ToF and X-Y spectra. The general data analysis
of the whole measurement campaign is done using the 2σ bands around the mean values.
5.4.2 Statistical uncertainties
The whole measurement campaign consists of 5-minute measurement intervals, alternating
between the two different ions species. The delay between each 5-minute measurement should
be as short as possible. Typically it took us 30 seconds to load the settings for another ion
species and start the next 5-minute measurement. During these 5-minute measurements only
magnetron and cyclotron spots are measured, and each spot contains at least 200 ions (single
events). The position of the center spot is relatively stable and can be measured only once per
day, but with higher statistics (typically more than 1000 events). After the data evaluation
the coordinates of the magnetron and cyclotron spots are extracted and, combining with
the coordinates of the center spot, the angle αc between these two phases is calculated, and
ultimately the free cyclotron frequency νc is deduced. This νc, however, is deduced for the
fixed set of window functions applied to the raw data, as described in the section above.
A typical bandwidth of the window functions is 2σ, so that about 95% of the statistically
distributed values are taken into account. Then, these νc frequencies deduced from the
alternating 5-minute measurements are combined into 4- or 5-hours data sets provided that
the delay between the 5-minute measurements in each data set doesn’t exceed several minutes.
From each frequency data set the frequency ratio Ri together with its “inner” δRinneri and
“outer” δRouteri error is calculated using the linear interpolation and/or polynomial method.

















The largest error (inner or outer) is taken as the final error for each Ri. Then, all the Ri
are combined and averaged again, giving the final frequency ratio Rfinal together with its
inner and outer error. The largest error is assigned as the final statistical uncertainty of
the whole measurement campaign.
Choice of the polynomial order
If the frequency ratio of a few hour measurement is deduced using the polynomial method,
then the crucial aspect is the choice of the polynomial order. In the polynomial method the
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magnetic field is approximated by a polynomial function, as described in Sec. 4.3.1. However,
time scales and amplitudes of magnetic-field fluctuations are not constant and, therefore,
complicate the appropriate choice of the polynomial order. Owing to the temperature and
pressure stabilization systems [114] the magnetic field drift shows a smooth behavior during
the day. The detailed analysis of the choice of the polynomial order is done in [90], though
utilizing the ToF-ICR technique for the νc determination. In [110] the analysis, though
superficial, is done utilizing the PI-ICR technique for the νc determination. All in all, we can
conclude that in our cases the statistical uncertainty related to the choice of the polynomial
order (tested for n = 2 to 7) is ∆R/R ≈ 2 ·10−11.
Fluctuation of the center-image projection
Usually the coordinates of the center-image are constant such that it is sufficient to measure
them with high precision only every now and then, typically once per day. Nevertheless,
possible fluctuations of the center spot were tested during several days and indicated a
good stability, so that the position of the center-image varied only within two standard
deviations, what is statistically reasonable. To test the influence of the center-image stability
on the frequency ratio we considered an extreme case, when for every single νc measurement
we manually shift the position of the center by 0.1 mm (5σ of a typical precision of the
center-image position) randomly in both dimensions. The increment of the final statistical
uncertainty was only 15%. At typical experimental settings and conditions (see Sec. 5.3)
these fluctuations should be way smaller. Hence, for the measurements performed in the
scope of this thesis we neglected the increment of the statistical error due to the possible
fluctuations of the center-image.
5.4.3 Systematic uncertainties
Systematic errors are errors that are not determined by the normally distributed parameters
but are introduced by an inaccuracy inherent to the system.
Choice of the window function bandwidth
In principle, an error due to the choice of the window function bandwidth is a part of
the statistical uncertainty. However, by convention we consider this error as a systematic
uncertainty. The maximum likelihood method was used to determine the mean value and
the dispersion (standard deviation) of the statistically distributed parameters: calibration,
ToF and X-Y spectra. For the determination of the error related to the choice of the window
function the bands around the mean values are swept from 1σ to 3σ. It turns out that the
choice of the X-Y window bandwidth has the dominant impact on the νc determination, and
thus on the final result. The automated multi-dimensional fit routine is integrated in the
data analysis program written in LabVIEW [115]. It is empirically found that the total error
related to the choice of the gate bandwidths is always about 40% of the statistical error
which is calculated at the fixed window bandwidth of 2σ.
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C4 and C6 terms
The deviation of the electric trapping potential from the quadratic form (see Eq. (4.2))
influences the magnetron and the modified cyclotron frequencies. The coefficients C4 and
C6 are the most important non-quadratic terms (see Eq. (4.25)). The radial frequency shift
due to these two terms is [91]
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The absolute shift of the free cyclotron frequency is ∆νc = ∆ν+ + ∆ν−. Thus, the relative







where νc1 and νc2 are the free cyclotron frequencies of two different ion species. Note that
the absolute shifts for the two ion species have the same sign.
For the numerical estimation of the radial frequency shifts for the above described mass
doublet measurements the following parameters have been used: the magnetron phase has
0.5 < rˆ− < 0.7 mm and rˆ+ < 0.05 mm, while the cyclotron phase has 0.5 < rˆ+ < 0.7 mm
and rˆ− < 0.05 mm; amplitude of the axial motion is estimated to be zˆ < 0.5 mm. The two
main contributions for the inequality of ∆νc1 and ∆νc2 are the different ν+ frequencies and
different amplitudes of the radial motions. Using Eq. (5.10) and Eq. (5.11) the shift of the
cyclotron frequency ratio for 123Te, 163Ho and 187Re cases is ∆R < 10−14 and hence can be
neglected at the present 0.2 ppb limit of precision at Shiptrap.
Distortion of the orbit-image projection
Different kinds of angular and/or linear displacement between the symmetry axes of
the magnetic field, the trap electrodes, and the detector can result in a distortion of the
ion-orbit projection and a shift of the center of the orbit image with respect to the symmetry
axis of the detector. The orbit-image distortion causes discrepancy between the real and
visible angle αc and thus the shift of νc. In [95] it was shown that at Shiptrap the main
impact on νc comes from the inclination of the detector symmetry axis with respect to the
symmetry axis of the trap electrodes by a finite angle δ. The angle δ can be calculated from
the ellipticity of the orbit image, namely from the ratio of the major to the minor radius
as rdetmax/rdetmin = 1/ cos δ. Measurement of the ellipticity yielded δ < 1◦. The shift of the
radial-motion frequency caused by the distortion of the orbit image is given by [95]
∆νc ≈ αc − arctan(tan(β + αc)/ cos δ) + arctan(tan β/ cos δ)
2pit
, (5.12)
where β is the polar angle between the minor axis of the ellipse and the magnetron spot. For
δ = 1◦, αc = 10◦ and an arbitrary β the shift of the cyclotron frequency is ∆νc < 5·10−6/t,
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where t is the phase-accumulation time in seconds. Thus, according to Eq. (5.11) the shift
of the frequency ratio ∆R due to the distortion of the orbit-image projection is well below
10−11 and, hence can be neglected in all practical cases.
Interconversion of radial motions
Besides the possible distortion of the orbit-image projection the angle αc between mag-
netron and cyclotron spots should be also kept as small as possible due to an error related to
the interconversion of the radial motions. As mentioned in Sec. 4.4.3, prior to the projection
onto the detector, the cyclotron motion has to be converted into the magnetron motion by
applying a pi-pulse at νc frequency. This leads to a shift of the angular position of the image
spot by a certain phase. However, since we measure only the difference of the reference
and the final phases, this constant offset α0 cancels out (see Fig. 4.9 and Eq. (4.34)−(4.36)).
However, this is correct only for the ideal trap and when the frequency of the pi-pulse equals
exactly the cyclotron frequency νc of the ions. In practice, the reference and final phases are
measured non-simultaneously. Moreover, the temporal instability of the magnetic field and
of the trapping voltage results in the fluctuation of the radial-motion frequencies. All these
effects lead to different phase offsets of the reference and final phases after the conversion
and thus to an error of the cyclotron-frequency determination. The detailed analysis of
these effects is done in [95]. There it is concluded that the total relative cyclotron-frequency
systematic shift for 133Cs+ ions at typical Shiptrap conditions is on the order of a few 10−10.
The impact of this cyclotron-frequency shift on the frequency ratio is well below 10−11 and,
thus can be neglected at the present limit of precision.
Uncertainty related to the number of ions in the trap
The PI-ICR is a destructive detection technique, which requires injection of ions into
the trap and, after some manipulations, ejection from it for the detection. The number of
ions simultaneously present in the trap is an important parameter which has to be kept
under control. Theoretically, presence of multiple ions of the same species in the ideal trap
doesn’t shift eigenfrequencies since the driving field acts on the center of mass of the ion
cloud which coincides with the center of charge. Presence of multiple ions of different species
does shift the eigenfrequencies even in the ideal trap, but the presence of contaminant ions
in the measurement trap is highly unlikely owing to the mass-selective buffer-gas cooling
procedure in the preparation trap1 (see Sec. 5.2.1).
On one hand, having multiple ions per shot we would aquire the statistics in the spots
faster. On the other hand, presence of multiple ions even of the same species does shift the
eigenfrequencies in the real trap. Indeed, the mean trapping potential is modified due to
the space-charge effect. It shifts the axial frequency and consequently radial frequencies as
well. Moreover, the Coulomb force repels the ions and therefore increases the spatial ion
1Note that this is true only if the contaminant ions, e.g. other nuclides, are well resolved from the ions of
interest, which is not the case for the mass doublets considered in this thesis work. In order to avoid the
simultaneous presence of parent and daughter nuclides in the ion bunch special care was taken as described
in Sec. 5.1
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distribution. Ions in the cloud being at different radii probe the different trap imperfections
and thus their individual eigenfrequencies are shifted. At Shiptrap it was experimentally
found that if we select events with only up to 5 ion per shot it doesn’t cause a shift of the
frequency ratio at least on the level of 2·10−10 [37]. It is worth noting that the total efficiency
of the DLD detector is only about 25% [116] meaning that in average the total number of
ions in the trap is 4 times higher than what we observe on the detector.
Summary of the systematic uncertainties
In this section several sources which could result in a systematic shift and/or systematic
uncertainty in the determination of the cyclotron-frequency ratio were discussed. It is shown
that even though the cyclotron frequencies of both ion species are shifted, the influence
of the shift is canceled out to a large extend when calculating the frequency ratio. The
effect of cancellation is even stronger when the cyclotron frequencies are nearly the same, i.e.
(R− 1) < 5·10−7 as in the cases of 123Te, 163Ho and 187Re considered in this thesis. Thus, at
typical experimental settings and conditions the impact on the cyclotron-frequency ratio due
to the 1) inharmonicity of the trapping potential, 2) distortion of the orbit-image projection,
3) interconversion of the radial motions is below the total statistical uncertainty. The choice
of the window functions when filtering the data has the dominant impact on the systematic
uncertainty, accounting for about 40% of the statistical uncertainty.

6. The Penning-trap mass spectrometer
Isoltrap
Since 1992, a new ISOLDE (Isotope On-Line Mass Separator) facility [117] is located
at the Proton-Synchrotron Booster at CERN. The booster is aimed to the production of
radioactive beams by means of impinging high-energetic protons on a thick target. The
protons, produced and accelerated by the LINAC/Booster facility, are delivered as bunches
every 1.2 seconds with an energy of 1.4 GeV and an intensity of up to 2µA per pulse.
The nuclides of interest are produced by bombardment of a thick, mainly uranium-carbide
target via spallation, fission or fragmentation reactions. The reaction prоducts are released
from the target at a temperature of about 2000◦C by thermal diffusiоn and effusion. Subse-
quently, the atoms are ionized by different techniques, including plasma, surface and laser
ionization. After the ionization process, the ions are accelerated and mass separated by the
general purpose magnetic separator. Then, the mass-selected ions are delivered as continuous
beam at the energy up to 60 keV to the Isoltrap setup, compоsed of four ion traps. In the
first trap the ions are accumulаted in a linear radio-frequency quadrupole (RFQ) [118], where
they are cooled by collisions with helium buffer gas, and bunched. The bunches are released
from the RFQ and injected into the multi-reflection time-of-flight mass separator (MR-ToF
MS) [119, 120], where the bunches of different isоbars are mass separated, with a resolving
power of up to 3 · 105 [121]. The separation is achieved using a thousend revоlutions in the
MR-ToF MS, correspоnding to a trapping time of about 36 ms. The isobarically purified
ion bunch is then transferred to the cylindrical preparation Penning trap [108] for coоling
and cleaning by the mass-selective buffer-gas cooling technique [107]. The cleaned bunch of
singly charged iоns of interest is then injected into the hyperbоlic precision Penning trap.
Here, finally, a precise measurement of the cyclоtron frequency of the ions is performed with
either conventional or Ramsey ToF-ICR technique [96], or with the recently implemented
PI-ICR technique [95]. The sketch of the Isoltrap experiment is shown in Fig. 6.1.
6.1 On-line campaign at Isoltrap
The Isoltrap and Shiptrap mass spectrometers have many similarities. Thus, only
those aspects which are unique for the Isoltrap apparatus are considered in more details in
the following, whereas the analogous things, like application of the buffer-gas cooling or the
PI-ICR technique, only invoke corresponding sections of the Shiptrap’s chapter.
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Figure 6.1: Sketch of the Isoltrap experiment, located at ISOLDE/CERN [116].
6.1.1 Absolute mass of 202Tl
In the ground-to-ground EC domain the nuclide 163Ho has the lowest so far emitted
neutrino energy Q − BM1 = 0.79(3) keV [38]. This circumstance makes 163Ho the most
promising nuclide for the neutrino mass determination using the kinematic approach (see
Sec. 2.2.2). However, there was still one case, namely 202Pb, whose emitted neutrino energy
was too uncertain (see Fig. 2.3) to conclude whether 202Pb can compete with 163Ho. Thus,
in order to eliminate the existing inaccuracy we attempted the Q-value measurement of
202Pb by PT-MS at Isoltrap.
For the Q-value determination of 202Pb, two independent campaigns on the absolute
mass measurements of the mother 202Pb and daughter nuclide 202Tl have been performed
at Isoltrap. Between these two independent measurement campaigns, a simultaneous
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measurement of 202Pb and 202Tl was attempted, which would have allowed a direct Q-value
determination with higher precision and accuracy. Both species were in this case produced
from a UCx target, and 202Pb was laser ionized. The measurement was, however, hampered
by the very low surface-ionization yield of 202Tl and by the cоntamination of the 202Pb
ground state by its long-lived 9− isomeric state with T1/2 = 3.54 h. Thus, the direct Q-value
determination of 202Pb at Isoltrap was not feаsible, and the Q-value could only be extracted
from the absolute mass measurement of parent and daughter atoms. Absolute masses of
both nuclides were determined by measuring the cyclotron-frequency ratio between the ion of
interest and a corresponding singly charged reference ion. In the case of 202Pb the reference
mass was 133Cs+, whereas in the case of 202Tl the additional reference ions 181Ta16O+ and
203Tl+ were used. The latter helps to prevent a significant mass-dependent cyclotron frequency
shift. The absolute mass of 202Pb was succesfully measured in 2008 [45], while absolute mass
measurement of 202Tl is a subject of this thesis and is described in the following.
The 202Tl ions were produced in 2015 by the ISOLDE’s laser ion source RILIS [122] (for
comparision the 202Pb ions were produced by a hot plasma ion source [123]). The usage of the
resonance ionization technique for producing of 202Tl+ ions substantially suppressed the beam
cоntamination by 202Pb+ ions. After the ionization process, the ions are accelerated and
mass separated by the general purpose magnetic separator. Next, the ions are accumulated,
cooled and bunched in the buffer-gas filled RFQ with the subsequent injection into the
MR-ToF MS for the isobaric purification. In this way the contaminants 202Fr and 202Bi
were successfully separated, being 100 times less abundant than the ion of interest 202Tl.
The separation is achieved using 1000 revоlutions in the MR-ToF, which correspоnds to a
trapping time of about 36 ms. The isоbarically purified ion bunch is then transpоrted to
the first, cylindrical Penning trap for cooling, re-centering and additional isobaric cleaning
by the mass-selective resonant buffer-gas cooling technique. The general idea of the cooling
technique can be found in Sec. 4.4.1, while its application at Shiptrap is in Sec. 5.2.1. Note,
however, that at Shiptrap the cooling procedure in the preparation trap is controlled by
the DLD detector which allows a direct test of cooling performance of the radial motions. At
the time of 202Tl mass measurement at Isoltrap the DLD detector was not in use yet and
the frequency measurements were performed by the ToF-ICR technique using a conventional
MCP detector. In this case the main indicator of the cooling performance is the so-called
cooling resonance, which actually doesn’t assume the best cooling of the radial motions,
but rather the highest purity of the ion bunch.
The cooled and purified bunch of 202Tl+ ions is ultimately injected into the hyperbоlic
precision Penning trap. Here a precise measurement of the cyclotron frequency is performed
with the ToF-ICR detection technique [96] using single-pulse or two-pulse (Ramsey-type)
excitation schemes (see Sec. 4.4.2) with various excitation times up to Tex = 3 s. In total 10
ToF-ICR measurements of 202Tl+ were performed, the first six being sаndwiched between
ToF-ICR measurements of 203Tl+ ions, the last four between meаsurements of 181Ta16O+.
Both reference ions were delivered from the same on-line ion source as 202Tl ions, whereas ions
of 133Cs were from an off-line alkali ion source. The use of two different referеnce ions helps to
avoid a bias of the determined absolute mass value due to a potential error of the literature
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value of the reference mass. Nevertheless, all 10 ToF-ICR measurеments of 202Tl+ ions were
also sаndwiched between ToF-ICR spectra of 133Cs+ in order to monitor whether there were
any significant changes in the measurement conditions; which would appear as sudden jumps
in the frequency ratio with respect to 133Cs+. The measured cyclotron-frequency ratios of
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Figure 6.2: Measured cyclotron-frequency ratios of 202Tl+ with respect to 133Cs+. The error
bars of the individual measurements are the pure statistical uncertainties. The dashed line in
the figure separates the runs where 203Tl+ and 181Ta16O+ ions were additionally sandwiched
as the auxiliary reference masses. The grey shaded band represents the standard deviation of
the average cyclotron-frequency ratio. For details see text.
Table 6.1 lists the final cyclotron-frequency ratios νref/νc. The table separately shows both
statistical and systematic uncertainties. In the case of the frequency ratios, the systematic
uncertainty originates from two sources: the first is a mass-dependent error, which is due to
the misаlignment between the electric and magnetic symmetry аxes of the Penning trap. The
second error has no clear mass dependence and is due to the fact that ions of different masses
probe different volumes of the Penning trap and hence their frequency ratios are affected by
the trap inhomogeneities. Both relative errors were determinеd in [86] and were applied for
the measurement of 202Pb. The mass-dependent error at Isoltrap is 1.6·10−10/u, while the
mass-independent one is determined to be 8·10−9. Before the 202Tl measurement, however,
the superconducting magnet of Isoltrap underwent a maintenance operation and the tras
were re-aligned. The mass-dependent error was preliminary re-estimated by use of alkali ions
to be 3.5·10−10/u and this value is used for 202Tl. As the general layout of the apparatus
has not changed, the mass-independent error is not expected to be changed compared to
the previouse one determined in [86]. The statistical uncertainty of the mass-excess values
also includes the contribution of the uncertainty of the reference mass. The mass-excess of
202Tl evaluated in this work was obtained using the AME algorithm, which accоunts also for
the consistency of the two correspоnding reference masses 203Tl and 181Ta16O, in the entire
AME16 network [124]. We note that the mass-excess values of 202Tl obtained by using either
203Tl or 181Ta16O reference masses exhibits a discrepancy larger than one standard deviation.
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The cause of this discrepancy could well be due to errors in the reference-mass values. This
is suppоrted by Fig. 6.2, where one can notice that the frequency ratios νc(202Tl)/νc(133Cs)
do not have any systemаtic shift between the two data sets, where the measurements were
sandwiched with either 203Tl+ or 181Ta16O+ ions. The final mass-excess value of 202Tl deduced
after applying the AME algorithm is MEexp = −25980.2(16) keV [51].
The Q-value of the EC in 202Pb is given by the mass difference between 202Pb and 202Tl
and amounts to QEC = 38.8(43) keV [125].
Table 6.1: Cyclotron-frequency ratios of 202Pb+ with respect to 133Cs+, and of 202Tl+ with respect
to 181Ta16O+, 203Tl+ and 133Cs+. The 202Pb+ result is taken from [45]. The mass excess deduced
in this work is also shown (MEexp), compared to the literаture value (MElit) [126]. In the sixth
column the differences between the experimental value and the AME value are listed. The statistical
uncertainties are given between pаrentheses, while the systematic uncertainties are given between
curly brackets.
Ion Reference Freq. ratio νref/νc MEexp (keV) MElit (keV) ∆ (keV)
202Pb+ 133Cs+ 1.519 670 057 7(184){164} −25 941.4(35){20} −25 940(4) 1.1(57)
202Tl+ 181Ta16O+ 1.025 536 375 2(99){84} −25 984.5(26){15} −25 986(14) 1.5(14)
202Tl+ 203Tl+ 0.995 072 053 5(63){80} −25 978.9(18){15} −25 986(14) 7.1(14)
202Tl+ 133Cs+ 1.519 669 741 3(72){271} −25 980.6(9){34} −25 986(14) 5.4(14)
6.1.2 Absolute mass of 131Cs
The nuclide 131Cs presumably may have a very small emitted neutrino energy Qν when
decaying to the E∗ = 364.5 keV excited state of 131Xe and, thus, can be a good candidate for
the neutrino mass determination (see Sec. 2.2.3). The currently known literature Q-value
of 131Cs does not allow to clarify the situation. Thus, the precise and accurate Q-value
determination of 131Cs with an uncertainty less than 1 keV is demanded. The direct Q-value
measurement is not feasible at Isoltrap due to inability of the simultaneous production
of both ion species. However, the mass of the daghter 131Xe nuclide is well known in the
literature with the precision δM = 9 eV [1] to which, in particular, the high-precision
measurement from Shiptrap using the PI-ICR technique made an impact [37]. Therefore,
absolute mass measurements of the parent nuclide 131Cs with uncertainty < 1 keV would
be fairly sufficient to achieve the goal of the experiment.
The 131Cs+ ions were produced in 2018 by the ISOLDE’s hot plasma ion source [123].
The beam was then ionized via surface ionization, accelerated to 50 keV, pre-purified using a
high-resolution separator and transported to the Isoltrap setup. As the reference mass the
133Cs+ ions (δM = 8 eV [1]) from an off-line alkali ion source have been used. After production,
the ions were accumulated in the RFQ trap and then went through the MR-ToF MS and the
preparation trap in the same way as described previously in Sec. 6.1.1. Ultimately, only ions
of interest arrive in the precision Penning trap for the cyclotron-frequency determination.
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By 2018, Isoltrap has several detection techniques available, namely the conventional
ToF-ICR (see Sec. 4.4.2), as well as the recently implemented PI-ICR technique (see Sec. 4.4.3).
All of them were successfully used for the alternating νc measurement of 131Cs+ and 133Cs+
ions as shown in Fig. 6.3. The measurement campaign started with the PI-ICR method. After
two hours of measurements with 100 ms phase accumulation time the rough data analysis
showed the statistical uncertainty of δM(131Cs) ≈ 260 eV, which already meets the goals
of the experiment. However, in order to cross-check the result, the conventional ToF-ICR
technique with the single and two excitation-pulse scheme (Ramsey type) was applied. The
cross-check did not show any shift and, thus, another 2 hours of measurements using the
PI-ICR method were performed. The combined data sets of 131Cs+ and 133Cs+ cyclotron
frequencies are shown in Fig. 6.3, where the simultaneous polynomial fit (see Sec. 4.3.1)
is applied. As one can see, all the PT-MS detection methods are in a good agreement.
Alternatively, the frequency ratio was extracted using the linear interpolation method (see
Sec. 4.3.1), and the result well agrees with the polynomial method.
Besides the statistical uncertainty derived from the fit, an analysis of systematic uncer-
tainties not being covered by the polynomial fit has to be undertaken. Investigations of
the systematic uncertainty include background analysis, z-class analysis, mass-dependent
frequency shift corrections, fit parameter correlations and frequency fluctuation distribution
[86]. The preliminary frequency ratio without consideration of a systematic error yields
R(131Cs+/ 133Cs+) = 1.0152781392(13) with the relative statistical uncertainty of δR/R =
1.3 ·10−9. Using Eq. (4.16) the preliminary mass-excess value of 131Cs is MEexp(131Cs) =
−88055.64(17) keV. The mass-excess of 131Xe is MElit(131Xe) = −88413.558(9) keV [1] and,
thus, the Q-value of 131Cs given by the mass difference between 131Cs and 131Xe atoms
amounts to Q = 357.92(17) keV.

























Figure 6.3: Measured cyclotron frequencies of 131Cs+ and 133Cs+ ions. Simultaneous polyno-
mial fit to both data sets is applied to extract the frequency ratio R.
7. Results and discussions
7.1 Nuclides relevant to the neutrino mass
determination
Nuclides with low-energy β-transitions are of high interest for neutrino physics as it
is motivated in Chapter 2. Investigation of the β-decay kinematics is the most model
independent method for the neutrino mass determination. A finite mass of the neutrino
shows up as the distortion of the β-spectrum near its endpoint. According to Eq. (2.6),
in any search for a kinetic neutrino mass mνe , the emitted neutrino energy should be as
small as possible, otherwise relativity hides the mass. This argument favors the search for
mνe using the low-energy β-transitions.
7.1.1 Nuclide 187Re
The nuclide 187Re has the lowest decay energy of Q = 2.5 keV in the ground state β−-decay
sector. Until now, however, the Q-value of 187Re had only been determinеd indirectly as a fit
parameter from the analysis of the β−-decay spectra. Figure 7.1 shows the two distinctive
data sets: one combines the values оbtained with gas proportional counters [127, 128, 129]
resulting in an average value of Q = 2.647(39) keV, whereas the other cоmprises the values
obtained with cryogenic microcalorimetry [130, 131, 132, 133]. If the microcalorimetric
result of Cosulich-1992, which agrees with the prоportional counter results, is ignоred, then
the average value of this grоup is Q = 2.4666(16) keV. Evidently, there is a substantial
discrеpancy between the Q-values given by these two different methods. Thus, it was essential
to perform an independent measurement of the Q-value of 187Re with an uncertainty of at
most a few tens of electron volts in order to resolve this discrepancy.
A significant deviation of the Q-value obtained by well-established PT-MS from that
оbtained with cryogenic microcalorimeters (CM) would hint at the existеnce of systematic
effects inherent in microcalorimetry, which would have a severe impact on the uncertainty of
a future experiment to determine the neutrino mass with this technique. Our result for the
atomic mass difference of 187Re and 187Os of Q = 2.492(33) keV [37] confirms consistency of the
latest microcalorimetric measurements, as shown in Fig. 7.1. Thus, on the level of our presеnt
accuracy of 33 eV there are no unexpected systemаtic effects inherent in the CM technique.
As it is mentioned in Sec. 2.2.1, the authors of [35] carried out high statistics (about 107
decays) measurements of 187Re β−-decay using AgReO4 absorber and set the upper limit on























































































Figure 7.1: Q-values of the β−-decay of 187Re, obtained in Brodzinski-1965 [127], Huster-1967
[128], Ashktorab-1993 [129], Cosulich-1992 [130], Alessandrello-1999 [131], Galeazzi-2000 [132],
Arnaboldi-2003 [133] and Nesterenko-2014 [37].
the anti-neutrino mass of mνe < 15 eV (90% C.L.). The sensitivity of the experiment was
limited by statistics and the detector performance, while systematic effects were expected
to be small. The further investigation of 187Re β−-spectra using the calorimetric approach
exhibits two major difficulties: the low specific activity of about 1 Bq per mg of 187Re and
the relative slowness of the thermalization process in the detector. The low activity of
187Re is defined by its very long half-life of T1/2 ≈ 43 Gy, while the slowness of the detector
thermalization is due to its high thermal (heat) capacity Ct. If a metallic rhenium crystal
is used as a detector absorber for calorimetry then at the critical temperature Tc = 1.7K
rhenium undergoes a superconducting transition, which in turn leads to a significant rise of
its thermal capacity. The high thermal capacity implies a long dead-time of the detector
and a low energy resolution ∆E since ∆E ∝ √Ct. If a dielectric rhenium compound is used
then it does not become superconducting, but nevertheless it doesn’t completely circumvent
the metallic rhenium problems since a dielectric compound has even lower specific activity
and it faces an incomplete thermalization of the deposited energy. The project MARE has
been coping with the demanding task of improving and scaling up those pioneer experiments
of [35] and [34]. However, after several years of attempts rhenium turned out not to be
fully compatible with the technical requirements of MARE and since 2015 the focus of the
community was shifted from 187Re to 163Ho [134]. Curiously, however, that in 2010 the authors
of the MARE collaboration made an overview on the expectations for a calorimetrically
based experiment which utilizes 187Re for the neutrino mass determination [135]. They
investigated many aspects of the experiment, including pile-up effects, detector time and
energy resolution, detector calibration, theoretical spectrum shape, beta environmental fine
structure (BEFS) effect and others. They concluded that although systematics related to
187Re β-decay theory and to the BEFS effects require further investigations, calorimetrically
based experiments should not be plagued by large systematic uncertainties, and therefore
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using plausible experimental configurations it is theoretically possible to achieve a sensitivity
on the neutrino mass of about 0.1 eV. Nevertheless, the minimum technical requirements
for a future microcalorimeter are a reasonable time resolution (less than a microsecond), an
energy resolution of less than a few eV and a decent activity per detector on the order of a
few Bq. Thus, only after meeting these minimum requirements the sub-eV sensitivity to the
neutrino mass in high statistics β−-spectra of 187Re becomes feasible. Moreover, in order to
suppress systematic errors to a large extent an independent Q-value determination as the
mass difference between 187Re and 187Os is required with the uncertainty not worse than the
energy resolution ∆E of a calorimeter. The corresponding measurement with the uncertainty
δQ ≈ 1 eV is planned for 2019 at the Penning-trap mass spectrometer Pentatrap [40,
136], which features are highlighted in Chapter 8.
7.1.2 Nuclide 202Pb
It is clear that in the ground-to-ground β−-decay domain the nuclides 3H and 187Re emit
antineutrinos with the lowest energies, and are therefore demanded for antineutrino mass
determination experiments. In the ground-to-ground EC decay domain the nuclide 163Ho has
the lowest emitted neutrino energy Q− BM1 = 0.79(3) keV [38], so far. However, by that
time there was still one case, namely 202Pb, whose emitted neutrino energy is presumably
low (see Fig. 2.3). In order to conclude whether nuclide 202Pb can compete with 163Ho, we
determined its Q-value by PT-MS using the Isoltrap facility (see Sec. 6.1.1). Unfortunately,
the Q-value of 202Pb was not measured directly e.g. by alternating cyclotron frequency
measurements of parent and daughter nuclides, due to the very low surface-ionization yield
of 202Tl and the contamination of the 202Pb ground state by its long-lived isomeric state.
Instead, the absolute masses of 202Pb [45] and 202Tl [125] were determined in separated runs
by measuring the cyclotron-frequency ratio between the ion of interest and a corresponding
singly charged reference ion. Such an approach, however, limits the final precision and
may introduce a systematic uncertainty. Nevertheless, using the conservative error we got
Q = 38.8(43) keV and, consequently Q − BL1 = 23.5(43) keV. Thus, the EC in 202Pb is
expected to have much less sensitivity to the neutrino rest mass than the EC in 163Ho, even
though considering the additional enhancing effects like the shake-off of a second electron,
elaborated on in [137, 138]. Moreover, the neutrino mass determination from the EC spectra
of 202Pb is hindered by the following issues. First, the Q-value of 202Pb is relatively large for
the current calorimetric experiments [139, 140, 141]. Thus, either another micro-calorimetric
expеriment must be built, which is suitable for this energy regime, or the current CM projects
have to be adаpted for this higher absorption energy value. Second, the daughter nuclide
202Tl is not stable and decays with a half-life of T1/2 = 12.3 days, which would prоduce a
significant background in the calorimetric spectrum. Hence, it is unlikely that 202Pb will ever
be used for the neutrino mass determination. By that, the ground-to-ground EC domain
has been fully investigated in terms of the applicability of the nuclides for the neutrino
mass determination. All in all, we can confidently conclude that in this domain the only
nuclide which can be seriously considered is 163Ho.
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7.1.3 Nuclide 131Cs
The last chance to find a β-transition with a small emitted neutrino energy Qν is to make
a search in the ground-to-excited state β-decay domain. The idea is introduced in Sec. 2.2.3.
So far there are 17 promising β-transitions, which are summarized in Table 2.2. In [49] we
proposed to consider only 4 cases, namely 131Cs, 134Ce, 159Dy and 175Hf, and measure at
Isoltrap their Qgg-values − the atomic mass difference between ground states of the parent
and daughter nuclides. In these cases a parent nuclide undergoes an allowed electron capture
transition to a nuclear excited state of a daughter, and thus the partial half-life is expected
to have a reasonable value. The other cases either have higher degrees of forbiddenness such
that the partial half-life is expected to be significantly larger, or the nuclides can not be
























Figure 7.2: Decay scheme of 131Cs. The only observed electron capture so far is indicated by
the solid arrow. The capture branch we were interested in is indicated by the dashed arrow.
Using our newly measured Q-value of 131Cs we can confidently conclude that this transition is
energetically forbidden, and thus can be excluded from the consideration in the sense of the
neutrino mass determination.
The first nuclide which has been investigated within the scope of our proposal [49] is
131Cs. In Fig. 7.2 the decay scheme of the 131Cs ground state to the excited states of 131Xe
is shown. The so far known ground-to-ground decay energy Qgg = 355(5) keV [1] was too
uncertain in order to conclude whether 133Cs(5/2+, 0)→ 133Xe∗(5/2+, 364.5 keV) transition
is energetically allowed or not. The total emitted neutrino energy is QνL1 = Q − BL1 =
−16(5) keV and QνM1 = −12(5) keV, surmising that the decay is energetically forbidden. In
2018 the absolute mass measurement of 131Cs has been performed at Isoltrap using the
recently implemented PI-ICR technique. Although initially in the proposal [49] it was stated
that the required 1 keV precision can be achieved using the ToF-ICR Ramsey technique
within six 8-hour shifts, the utilization of the PI-ICR method allowed to achieve 200 eV
precision within only the two shifts (including 4 hours of the pure measurements). The
measurement procedure is described in Sec. 6.1.2. The preliminary cyclotron frequency ratio
is νc(131Cs+)/νc(133Cs+) = 1.0152781392(13). It accounts only for the statistical uncertainty,
however the final value will not differ much because the systematics is not expected to
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have a valuable impact. The absolute atomic mass of 131Cs in terms of the mass-excess
is then MEexp(131Cs) = −88055.64(17) keV, while its ground-to-ground decay energy is
Qgg = 357.92(17) keV. Now we can affirm with certainty that the EC decay from the
ground state of 131Cs to the considered E∗ = 364.490(4) keV excited state in 131Xe is
energetically forbidden, i.e. Qge = −6.5(2) keV. Thus, the 131Cs case can be excluded from
the consideration as a candidate for the neutrino mass determination. Nevertheless, the
succesfully implemented PI-ICR technique at Isoltrap appears very promising to tackle
even more challenging cases such as 134Ce, 159Dy or 175Hf [49] (see Table 2.2), where the
decay energy must be determined in a sub-100-eV level.
7.1.4 Nuclides for keV-scale sterile neutrino search
Sterile neutrinos are not a part of the well-established Standard Model. As it was
motivated in Sec. 2.3, the keV sterile neutrino is a good candidate as a Warm Dark Matter
(WDM) particle. For the direct observation of sterile neutrinos one can produce them in a
laboratory experiment and detect its presence via kinematic considerations. The β-decay
process can provide necessary conditions for the search. An admixture of sterile neutrinos
with the mass eigenstate m4 should produce a kink in the β−-spectrum at the energy Q−m4.
Currently, there are no β−-spectroscopic indications for the existence of sterile neutrinos
[24]. The electron capture process provides an alternative method for sterile neutrino search
in the keV to tens of keV mass region. This idea was suggested for the first time by us
in [65] and is rehashed in Sec. 2.3.1.
When considering a single ratio between two integrated rates in a given nucleus, e.g.
K/L-, L/M- or M/N-ratio, the sterile neutrino with the mixing matrix element |Ue4|2 and
mass m4 is manifested if the theoretically predicted ratio, which excludes the existence of
sterile neutrinos, deviates from the experimentally measured one by more than their total
combined uncertainty. Fig. 7.3 shows the achievable sensitivity to the mixing matrix element
|Ue4|2 at 90% C.L. as a function of the sterile neutrino mass m4 for the bunch of nuclides in
case of the single ratios between two integrated rates. Each curve in the figure is simulated
with the assumption that the uncertainly of the calculated atomic wave functions is negligible
δψl,k = 0, the uncertainties of the measured values are δQ = 1 eV and δBl = 0.01 eV, and
the statistical uncertainty of the experimentally measured ratios Rexp = Ni/Nj is half of
the uncertainty of the theoretical ratios Rth = Λi/Λj, which account for δQ and δBl. The
number of events in the full EC spectrum when this criteria is satisfied, i.e. 2δRexp = δRth,
is 6·109 for 123Te, 109 for 157Tb, 6·106 for 163Ho, 2·1010 for 179Ta, 3·1011 for 193Pt, 2·1010
for 202Pb, 1011 for 205Pb and 2·109 for 235Np. The highest sensitivity to |Ue4|2 is observed
when the neutrino mass is close to the corresponding (Q−Bi)-value, where Bi corresponds
to the highest energy peak in the EC spectrum. Overall sensitivity reaches ∼ 10−4 at m4
of a few tens of keV. However, the sensitivity drops drastically if we assume the realistic
uncertainty for the calculated wave functions δψl,k/ψl,k of about 1%.
In order to cancel out the uncertainty of the wave function ψl,k to a large extent, one can
consider the “ratios between ratios” for different isotopes a and b of the same chemical element,
















Figure 7.3: The area above the curves shows the estimated sensitivity to the mixing matrix
element |Ue4|2 at 90% C.L. as a function of the sterile neutrino mass m4 for several EC
transitions. The curves are estimated under the assumption that δQ = 1 eV, δBl = 0.01 eV.
as described in Sec. 2.3.1. The impact of the sterile neutrino can be observed if the difference
between the calculated <ijab-value which doesn’t account for the sterile neutrino and the
experimentally measured Rexp-value exceeds their combined uncertainty. The sensitivity of
this approach at 90% C.L. can be simulated by solving the equation [65]:

























, l = {i, j}, k = {a, b} .
(7.3)
Here xp = {Qa, Qb, Bi, Bj}; index k means different isotopes, while index l indicates different
atomic electron orbits. Using Eq. (7.1) we simulated curves for the sterile neutrino contribution
and the results are given in Fig. 7.4 and Fig. 7.5. The set of input parameters used for the
simulation is listed in the captions of the figures. The chosen Qk-value and the electron
binding energies Bl are not exactly the literature values, but rather rounded ones because
the exact absolute values are not necessary for the current pilot studies. Having 1011 counts
in the full spectrum the position of a peak, i.e. the centroid Bl, can be determined with
an uncertainty δBl = 0.01 eV or less.
As can be seen from Fig. 7.4, the sensitivity to a possible contribution of sterile neutrinos
in the capture process reaches 0.03% for m4 of about 10 keV − the most interesting value
for WDM. The 202Pb/205Pb case, depicted in Fig. 7.5, has slightly higher sensitivity of
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about 0.01% to |Ue4|2, but for m4 in the range between 20 and 45 keV, having however a
feature around 34 keV due to the interference between (Qk − Bl) terms as a consequence
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Figure 7.4: Shaded area shows the achievable sensitivity to the mixing matrix element |Ue4|2
at 90% C.L. as a function of the sterile neutrino mass m4 in case of the integrated K/L-ratios in
157Tb and 158Tb. The input parameters are: Q157Tb = 60 keV, Q158Tb = 1219 keV, δQr = 1 eV
for both isotopes, BK = 50.24 keV, BL1 = 8.38 keV, δBl = 0.01 eV for both peaks, statistics in
the full spectrum is 1011 counts. In this case the 1 eV uncertainty of the Qr-values have the





10 20 30 40 50
202Pb / 205Pb
Figure 7.5: Shaded area shows the achievable sensitivity to the mixing matrix element |Ue4|2
at 90% C.L. as a function of the sterile neutrino mass m4 in case of the integrated L/M-ratios in
202Pb and 205Pb. The input parameters are: Q202Pb = 38.8 keV, Q205Pb = 50.6 keV, δQr = 1 eV
for both isotopes, BL3 = 12.66 keV, BM3 = 2.96 keV, δBl = 0.01 eV for both peaks, statistics
in the full spectrum is 1011 counts. In this case the 1 eV uncertainty of the Qr-values have the
dominant impact on the total error budget.
It is important to emphasize that the theoretically calculated ratios <ijab, which are
used for the simulation of the curves in Fig. 7.4 and 7.5, contain several approximations:
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they cоrrespond to Dirac-delta peaks, ignoring the actual shаpes and widths, and thus they
just refer to one single capture peаk, neglecting the possible effect of the tails of nearby
one-hole peaks. Moreover, the influence of two-hole peaks close to the main ones has also
been neglected. Other effects, that have not been taken into account but whose influence is
expected to be very small, are the multi-hole peaks, virtual intermediаte states (influence of
transitions through atomic shells not energetically accessible), or interference between atomic
transitions resulting from the addition of amplitudes instead of intensities. The accurate
experimental determination of the ratio Rexp entails its own difficulties. Among them are the
pile-up effects in the calorimetric spectrum, the possible existence of metastable atomic states
whose delayed de-excitations fail to contribute to the collected spectrum, and the variety of
chemical environments resulting in a complex mixture of Qk-values.
The sensitivity for the determination of the sterile neutrino contribution to the shape
of the EC atomic de-excitation spectrum considerably depends on the uncertainty of the
Qk-values. At present, only high-precision PT-MS is capable of providing such uncertainties
for a broad variety of nuclides. The uncertainty of 1 eV for the Qk-values means relative
accuracy of the absolute mass measurements of δM/M . 10−11. This becomes feasible with
the realization of the Penning-trap mass spectrometer Pentatrap [40, 136].
7.2 Nuclides relevant to nuclear astrophysics
The β-decay rates λβ and the neutron capture cross sections (n,γ) are the primary
ingredients for the astrophysical s-process path determination. The s-process runs close
to the valley of stability where β-decay rates are typically well known. However, for some
nuclides the β-decay rates measured in terrestrial experiment may significantly deviate from
the stellar ones. The main effects responsible for the dependence of λβ on the temperature
and density of the interstellar medium are described in Chapter 3. In particular, a high
temperature stellar environment ionizes atoms and subsequently modifies the total β-decay
energy due to the difference in the electron binding energies in the q-times ionized parent
nuclide having Z protons and the q-times ionized daughter nuclide having Z ± 1 protons (see
Sec. 3.1). The impact of this effect is shown in Fig. 3.1 and can be as high as a few tens of
keV for H-like heavy atoms. Evidently the impact of this effect is significant for low-energy
β-decaying nuclei, i.e. for nuclides with Q . 100 keV.
If the temperature and density of the stellar matter are known, the stellar decay rates
can be estimated based on the logft-values of all the energetically possible β-transitions.
The logft-values of the ground-to-ground or ground-to-excited level transitions are mostly
known in literature. However the logft-values of the excited-to-ground level transitions are
almost inaccessible experimentally (because γ-decay by far dominates over β-transitions), but
nevertheless can be estimated by comparison with known analogous transitions originated
from the ground states in the isobaric chain. The correct accounting of all the energetically
allowed β-transitions at stellar conditions depends on the knowledge of the overall energy
balance between parent and daughter nuclei. The energy balance for all possible degree of
ionization can be reconstructed based on the ground-to-ground β-decay energy Qneut, energy
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of excited states E∗ and the electron binding energies Bi (see Eq. (3.2)). The electron binding
energies Bi are theoretically calculable and the typical uncertainty doesn’t exceed a few eV,
except for K-shell electrons, where inconsistency of results using different models may reach a
few 100 eV. The energies of the relevant low-energy excited nuclear states with E∗ < 500 keV
are usually experimentally well known with an uncertainty of ∆E∗ . 50 eV. The least known
ingredient are the Qneut-values of the neutral atoms. This circumstance motivates for direct
high-precision and accurate Qneut-values determination of the relevant nuclides via PT-MS.
7.2.1 Nuclide 123Te
The electron capture decay of 123Te has never been seen so far due to its very long half-life
T1/2 > 9.2·1016 y [142]. Nevertheless, based on the data from (n, γ) reactions it is known
that 123Te is heavier than 123Sb by Q = 52.7(16) keV [124], and thus the EC decay of 123Te
is energetically allowed. For the first time we performed the direct Q-value measurement
by means of PT-MS as described in Sec. 5.3.3. The value we’ve got is Q = 51.912(67) keV
[113], being 24 times more precise than the so far known literature value, as can be seen from




















Figure 7.6: Q-value of 123Te. Comparision of our result [113] with the literature values taken
from AME-03 [41] and AME-12 [143].
Known information of the relevant β-transitions for a part of the isobaric chain with mass
number A = 123 is depicted in Fig. 7.7. As can be seen, the E∗ = 159 keV level in 123Te is
populated with 1% at kT = 30 keV, and thus, being in thermal equilibrium, can decay via
electron capture to both the ground and the 160.3 keV excited state in 123Sb. It predominantly
decays to the latter one because of the allowed character of the transition (3/2+ → 5/2+).
The transition to the ground state as well as the β-transition from the 160.3 keV excited state
of 123Sb to the ground state of 123Te are of 2nd-order forbidden type and hence are much
weaker. The transition probability or the comparative half-life − the logft-value − for the
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allowed transition (3/2+, 159 keV)→ (5/2+, 160.3 keV) can not be experimentally measured1,
but can be estimated based on the similar (3/2+ ↔ 5/2+) transitions in the A = 123 mass
isobars (see Fig. 7.7). When accounting for the inverse transitions (3/2+ → 5/2+) in 123I
one should consider that logft(f→i) = logft(i→f) + log [(2Jf + 1)/(2Ji + 1)], where indexes i
and f mean the initial and final states, respectively. Thus, the expected logft value for the
123Te∗(3/2+, 159 keV)→ 123Sb∗(5/2+, 160.3 keV) transition is the mean value of the two known
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Figure 7.7: Skeleton scheme for A = 123 near 123Te (not to scale). The Qneut-values are
given in keV and are for the neutral atoms. Energies of the excited nuclear states, depicted in
the right side of every level, are also in keV. The value in the middle of a nuclear level is the
percentage of the population at the temperature T = 3.5 · 109 K (kT = 30 keV) of the stellar
environment according to Eq. (3.5). The solid arrows are the terrestrial β-transitions, while the
dashed arrows indicate the allowed β-transitions which occur only if the corresponding excited
states are constantly being populated, i.e. at high environmental temperatures.
The Qneut-value of 123Te we have measured corresponds to the ground state of a neutral
atom. Relying on our accurate result, we now can reliably calculate the energy Q(q) of the
123Te∗(3/2+, 159 keV)→ 123Sb∗(5/2+, 160.3 keV) transition in dependence on the ionic charge
state q (see Sec. 3.1 and Eq. (3.2)). The result is shown in Fig. 7.8, where the dramatic change
is seen only for H- and He-like ions as expected. The precision of the first exited states in
123Te and 123Sb is 20 eV and 50 eV, respectively. The most well-known values are the electron
binding energies, whose precision is better than a few eV. Thus, the uncertainty of Q(q)-values
is entirely defined by the least precise Qneut-value term which we have measured with the
uncertainty of 67 eV. Thus, we can reliably conclude that for H- and He-like tellurium ions
the K-electron capture is energetically forbidden.
In high-temperature stellar conditions different ionic states are produced having Boltzmann
distributed charge states. If the matter density exceeds 104 g/cm3 the capture of free
1Under terrestrial conditions this β-transition practically can not be observed since even if it is populated
in a nuclear reaction it undergoes a strongly predominant γ-transition with T1/2 = 196 ps to the ground state.
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Figure 7.8: Black squares correspond to the mass difference Q(q) of ions 123Te∗(E∗ = 159 keV)
and 123Sb∗(E∗ = 160.3 keV) according to Eq. (3.2). Red circles represent binding energy of the
K-electron in dependence of the ionic charge state q. The uncertainty of all the values are well
within the markers. It is seen that for the H- and He-like 123Te ions the K-electron capture is
energetically forbidden, i.e. Q(q) < BK .
environmental electrons becomes non-negligible. The formalism for calculating the decay
rates of nuclides in high-temperature and high-density conditions is described in [76]. The
population of various ionic states in local thermal equilibrium can be calculated using the
Saha equation [144]. With these assumptions and with the nuclear input data discussed
above we have re-estimated the probabilities of the orbital as well as free electron capture by
the 123Te nuclide being in the E∗ = 159 keV nuclear excited state. Figure 7.9 depicts the
dependence of the total effective half-life of 123Te in dependence on the temperature and
matter density. The exponential dependence of T1/2 on temperature is actually due to the
exponential population of the E∗ = 159 keV nuclear excited state according to Eq. (3.5).
Thus, although the population of the state is about 1% at T = 3·108 K the total effective
half-life of 123Te can be as low as 103 years, which is more than fourteen orders of magnitude
less than the expected terrestrial value.
The dramatic enhancement of the decay probability of 123Te in the stellar environment
could reveal the importance of this nuclide in understanding of the s-process scenarios. In
particular, the temperature-dependent decay rates may set some meaningful constraints
for the site(s) where this nuclide can be produced during the s-process. In massive stars
the duration of the s-process is quite long and the strong electron capture can significantly
influence the tellurium production mechanism. An attempt to quantify these expectations
has been made in [145]. The authors analyzed the relative solar abundances of 122,123,124Te
in massive stars. They pointed out that the nuclide 123Te can be strоngly and selectively
depleted in advanced evоlutionary phases of massive stars as the rеsult of the EC process on
this isotope. And hence, if the contribution to the solar abundаnces of the s-only tellurium
isotopes from the s-process in massive stars is significant, then it certainly leads to an
inherеnt contradiction to the observational data. Additionally, a “freeze-out” of the s-process
at high temperatures could also cаuse a relative deficit of 123Te if its total neutron-capture






















Figure 7.9: Estimated half-life of 123Te in dependence on temperature and matter density
using the formalism in [76]. The dashed curve represents the half-life including the capture of
free electrons for ρ = 104 g/cm3.
cross-section is cоnsiderably enhanced because of the thermally pоpulated excited states.
Nevertheless, despite the fact that the Q-value of 123Te now is well known owing to our
measurement, it is clear that much remains to be worked out before these claims can be
verified. For example the uncertainty of the relevant logft-values should be reduced by a direct
calculation of the nuclear matrix elements using new advanced theoretical models. On the
astrophysical site, more detailed stellar evolution models of the variety of stars are to be tested.
7.2.2 Nuclides 163Ho and 187Re
In terrestrial conditions the neutral atoms of 187Re are very long lived with T1/2 =
43.3(7)·109 y [146], which is comparable with the age of the Universe of 13.799(21)·109 y [147].
Moreover, 187Re is a pure r-process nuclide, whereas its daughter 187Os is (almost) a pure
s-process nuclide. All this makes the 187Re/187Os couple a good nucleo-cosmochronometer,
which can among the others contribute, for example, to better understanding of astrophysical
sites of the s- and r-processes, and to the dating of astrophysical objects [148, 149]. However,
when considering this couple as a cosmochronometer many difficulties may arise. One of them
concerns the real s-process contribution to 187Os, whose evaluation requires neutron capture
cross sections of 186,187Os in s-process conditions. Furthermore, the uncertainties may arise
from the existence of s-process branchings in the W-Os region (see Fig. 7.10). Another problem
concerns the β-transition rates of 187Re and 187Os in stars. Due to the reasons discussed in
Chapter 3 the β-decay rate of 187Re may be substantially greater in certain astrophysical
environments than in the laboratory, while the stable nuclide 187Os may become radioactive
(see Fig. 7.11). The latter effects bring an additional difficulty into the 187Re-187Os chronology.
The precisely and accurately known Q-value of 187Re conduces to the correct assignment
of the energetically allowed β-transitions (including bound-state β−-decay [150]) between























Figure 7.10: Sequence of the main s-process path (thick solid black line) along stable or
long-lived nuclei (squares) with the branching points at radioactive nuclides (circles). The thick
red-blue arrow symbolizes either the possible β−-decay of 187Re, or the inverse process, namely
the EC decay of 187Os into 187Re. The small “s” and “r” stand for the (nearly) s- and r-only
nuclei, whereas “s,r” means the mixture of both the processes. The dashed black line shows the
minor branching of the main s-process path.
187Re and 187Os being in different ionic charge states. Then, when combining this information
with logft-values of the relevant transitions and calculating the total decay rates of 187Re and
187Os at stellar conditions, it results in more reliable chronological information or imposes
more severe constraints on the models for the chemical evolution of the Galaxy.
Another case which undergoes dramatic changes in the high-temperature stellar medium
is the 163Ho-163Dy couple. Schematics of the decay is shown in Fig. 7.12 where a neutral
163Ho decays via EC with T1/2 = 4570(50) y [39] to a stable 163Dy atom. However, when
highly ionized, 163Ho becomes β-stable, whereas fully stripped 163Dy gets unstable and
decays mostly via the bound-state β−-decay to 163Ho with T1/2 = 47(5) y [150]. Similar
to the 187Re-187Os case, the 163Ho-163Dy couple forms the branching point on the way of
the s-process, and hence in the sense of the nuclear astrophysics the precise and accurate
Q-value determination of 163Ho is being demanded.
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Figure 7.11: On the left side is the decay scheme of neutral 187Re, whereas on the right side is
a part of the decay scheme for the bare nucleus, i.e for 187Re75+. It is seen that the bare 187Re
has a significantly higher decay energy and the half-life of only T1/2 = 33(2) y via bound-state
β−-decay [78]. At the stellar temperature kT = 30 keV the low-lying nuclear excited levels of
187Os are populated with the probability (in percent) shown in the middle of the levels. The
possible inverse β-transitions (electron capture) from the relevant levels at stellar conditions































Figure 7.12: On the left side is the decay scheme of neutral 163Ho, whereas on the right side
is a part of the decay scheme for the H-like 163Ho, i.e for 163Ho66+. H-like 163Ho is stable, but
the fully stripped 163Dy decays with T1/2 = 47(5) y via bound-state β−-decay [150]. At the
stellar temperature kT = 30 keV, the low-lying nuclear excited levels of 163Dy are populated
with the probability (in percent) shown in the middle of the levels, and thus the total effective
half-life of 163Dy at stellar conditions should be even shorter. The most probable β-transitions
in a stellar environment are indicated by the dashed arrows.
8. Conclusion and Outlook
This thesis is devoted to an atomic mass-difference determination of the cases relevant
to neutrino physics and nuclear astrophysics. The atomic mass-difference determination
is based on cyclotron-frequency ratio measurements performed by means of Penning-trap
mass spectrometry (PT-MS). In the following, a brief summary on the research work is done
and further steps and improvements are outlooked.
Nuclear physics opens a unique validation toоl for astrophysical models by linking ob-
servаbles to the conditions in the deep stellar interiors. This is done by explоiting the strong
dependence of nuclear processes on temperature, density, and the composition of stellar
media, but requires accurate nuclear spectroscopic data. One of the important spectroscopic
parameters is the total decay energy of a nuclide. This parameter is especially cruciаl for
low-energy β-decaying nuclides which participate in the s-process of stellar nucleosynthesis.
If the total decay energy is accurately known for a neutral atom, then the energy balance and
hence the complete decay scheme can be reliably reconstructed for highly charged ions in hot
stellar conditions, which can not be reproduced in the laboratory. With the Shiptrap mass
spectrometer at GSI we directly determined the decay energy of the pure s-process nuclide
123Te, reaching the value of Q = 51.912(67) keV [113]. Using our accurate and precise value
the authors of [145] analyzed the relative solar abundances of 122,123,124Te in massive stars and
pointed out that the nuclide 123Te can be strongly and selectively depleted in advanced evo-
lutionary phases of massive stars as the result of the electron capture process on this isotope.
Another topic which was considered in the framework of this thesis is neutrino physics.
The absolute value of the neutrino rest mass is one of the most intriguing questions in modern
particle physics. The most model independent approach for its determination is based on
kinematics without further assumptions. Thus, investigation of the kinеmatics of the processes
where neutrino takes a part, namely weak dеcays, is the most straightforward method for the
neutrino mass determination. More specifically it implies invеstigation of the endpoint region
of a β− or electron capture spectrum, where an impact of the effective electron neutrino mass
mνe can be observed. In any search for a kinetic neutrino mass, the neutrino energy should be
as small as possible, otherwise the mass is hiddеn by relativistic effects. This argument favours
the measurеment of the еlectron neutrino mass mνe in low-energy nuclear β-transformations.
Within the present thesis work, a series of mеasurements dedicated to a search for a
low-energy β-transitions was pеrformed with the Isoltrap mass spectrometers at CERN.
The absolute mass of the daughter 202Ta nuclide was measured and the decay energy (Q-value)
of parent the 202Pb nuclide is deduced. It turned out that the so far considered enhancement
effect at the energy Q ≈ Bi, which could increase sensitivity to the neutrino rest mass, is
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too far away from the resonance case, namely Q − BL1 = 23.5(43) keV [125]. Thus, the
electron capture in 202Pb is expected to have much less sensitivity to mνe than, for example,
the 163Ho case with only Q − BM1 = 0.79(3) keV [38].
During another on-line measurement campaign at Isoltrap we measured the absolute
mass of the parent 131Cs nuclide and the achieved precision allowed to conclude that the
possibly very low-energy β-transition 131Cs(5/2+, 0)→ 131Xe∗(5/2+, 364.5 keV) is not ener-
getically allowed: Qge = −6.5(2) keV. Although the final data analysis is still ongoing and
the shown Qge-value is preliminary, a significant deviation from that value is not expected.
Thus the 131Cs case can be confidently excluded from the consideration as a candidate for
the neutrino mass determination.
While β-spectra acquisition with high statistics and high energy resolution for the neutrino
mass determination is the matter of Cryogenic Microcalorimetry (CM), the PT-MS can
independently provide the most crucial input parameter for the fit of the spectra − the
endpoint energy (Q-value), and thereby sub-eV sensitivity to mνe can be achieved. The
endpoint energy can be deduced from the β-spectrum itself by making the Fermi–Kurie plot,
provided that the lineshape is accurately known. Several groups independently acquired the
β−-spectra of 187Re and extracted the Q-value. The achieved results, however, are by far
not consistent. In order to solve the puzzle, we performed a direct Q-value measurements of
187Re as the mass difference between parent and daughter nuclides at the mass spectrometers
Shiptrap. Our result Q = 2.492(33) keV [37] confirms consistency of the latest CM
measurements, securing that on the level of our present accuracy of 33 eV there are no
unexpected systematic effects inherent in the CM technique. However, in order to really
reach the sub-eV sensitivity to mνe the CM technique has to be further improved requiring a
β-spectrum of 187Re with even higher statistics and energy resolution, whereas its Q-value
should be measured with eV (or even sub-eV) precision. The latter is the matter of the novel
Penning-trap mass spectrometer Pentatrap [40, 90, 136].
The unique feature of the mass spectrometer Pentatrap is the trap-tower consisting
of 5 Penning traps (each is only 24 mm in length). It allows to perform simultaneous
cyclotron-frequency measurements in two adjacent traps, what in turn should cancel out tem-
poral fluctuations of the magnetic field to a large extend. Furthermore, Pentatrap utilizes a
non-destructive image-current detection technique (FT-ICR) in 4.2K cryogenic environment.
The low cryogenic temperature ensures good vacuum conditions in the trapping region and
enables to cool ion eigenmotions down to a few µm level, where spatial inhomogeneity of the
magnetic field δB/B is only a few ppb. The good vacuum conditions and the ultra sensitive
FT-ICR detection method allow the cyclotron-frequency detection of a single highly-charged
ion. The custom-made ultra stable voltage source StaRep [151], which provides the potentials
for the trap electrodes, has a temporal stability of about δV/V = 2·10−8 per 10 minutes
to ensure the ultimate stability of the axial frequency of an ion.
Recently Pentatrap has been successfully commissioned [40]. The different combinations
of mass-ratios of stable xenon isotopes were measured with the statistical uncertainty of
δR/R ≈ 10−11. Currently this statistical uncertainty can be reached after a couple of days
of the pure measurement time utilizing in total four traps, two of which were used only
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for storage, and two for the detection. The data analysis is still ongoing, however the
systematic uncertainty is expected to be below the 10−11 level since the measured couples
are a good charge-to-mass ratio doublets due to their equally high charge states of 17+, e.g.
132Xe17+/ 131Xe17+. The measured xenon mass-ratios are in a perfect agreement with the
mass-ratios measured with the FSU-trap in 2013 [109], which were so far the most precisely
measured mass-ratios of heavy nuclei, being however a few times less precise than our new
results. The next physics cases for Pentatrap are planned to be the electron capture in
163Ho and β−-decay of 187Re, for which δQ . 2 eV is aimed for.
In general the successful commissioning of Pentatrap with xenon isotopes opens great
frontiers for exploring fundamental properties of nature. In the 10−11 relative uncertainty
regime of Pentatrap the near future mass measurement of dedicated nuclides will allow,
among others, to contribute to the tests of special relativity [152], bound-state QED [153],
determination of fundamental constants [17] and neutrino-physics research [139, 154]. In a
far future Pentatrap may contribute to the keV sterile neutrino search in electron capture,
as it was introduced by us in [65] and replicated in the framework of this thesis.
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